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Abstract—All-wheel steering (AWS) vehicles have been widely
studied in the literature to enhance stability and maneuverability.
In this study, we propose a contraction theory-based AWS
vehicle control strategy integrated with neural networks (NNs).
Contraction theory is a powerful tool for designing controllers
for nonlinear systems, ensuring the incremental exponential
convergence of all system trajectories to a unique trajectory,
regardless of initial conditions. However, control performance
may degrade due to system uncertainties. To address this issue,
NNs are employed to approximate and compensate for these
system uncertainties. The contraction property is guaranteed
by formulating Linear Matrix Inequalities (LMIs) to obtain the
contraction metric. Furthermore, the adaptation law for the NN
weights is designed using Lyapunov theory to ensure the stability
of the closed-loop system. Finally, numerical simulation results
are provided to validate the proposed control strategy.

Index Terms—All-wheel steering, Contraction theory, Neural
networks

NOTATION

In this study, the following notation is used: Vector and
matrix entries are denoted as ® = [74]ie(1,... n} and A =
[@ijlie{1, .- n},je{1,-. ,m}» Tespectively. The symmetric part of
a matrix is denoted as sym(A) := (A + A") [1]. The
Kronecker product is denoted by ® [2, Chap. 7 Def. 7.1.2].
The identity matrix of size n is denoted by I,, and the
zero matrix of size m X m is denoted by 0,x,,. The ¢
row of the matrix A € R"*™ is denoted by row;(A). For
A € R™ "™ the vectorization of A is denoted as vec(A) :=
(row1 (A7), ,row,(AT))T € R™™,

I. INTRODUCTION
A. Motivation

Over the past decade, various control strategies have been
investigated to improve the safety and control performance
of vehicle systems. In particular, as all-wheel steering (AWS)
vehicles have gained popularity due to their superior ma-
neuverability and stability compared to front-wheel steering
(FWS) vehicles [3], the motion control of AWS vehicles
has been actively studied [4]-[7]. Conventionally, proportional
control based on the front steering angle has been widely
used for the rear steering angle of AWS vehicles due to its
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simplicity and ease of implementation. However, this method
has limitations in achieving optimal control performance due
to the phase difference between the side slip angle and the yaw
rate of the vehicle [8], i.e., the transient response performance
may degrade. Consequently, more advanced control strategies
have been proposed to improve the transient response, such as
Model Predictive Control (MPC) [5], Sliding Mode Control
(SMC) [6], and robust control [7].

In recent years, contraction theory has been proposed as an
alternative nonlinear control design method [1], [9]. Unlike
traditional Lyapunov theory, which focuses on the stability of a
system with respect to an equilibrium point, contraction theory
analyzes the differential dynamics of the system to ensure
the convergence between system trajectories [9]. Significantly,
leveraging the differential nature of contraction theory, several
studies have proposed the Linear Time-Varying (LTV) system
type design method [10]-[12]. These approaches provide sim-
pler and more systematic design procedures by formulating
Linear Matrix Inequalities (LMIs) to obtain the contraction
metric, which is then used as a feedback gain in the controller
design [10].

In practice, however, contraction theory-based controller
performance may be compromised by various uncertainties
in the system models, since the contraction metric is derived
based on the nominal system model. Specifically, for vehicle
systems, tire cornering stiffness is a highly uncertain parameter
that varies with state and road conditions [13]. Some studies
have introduced adaptive control strategies to handle such
uncertainties [11], [14]. Nevertheless, these methods require
the exact model structure of the uncertainties, which is difficult
to obtain in practical scenarios.

To address this, neural networks (NNs) have been in-
corporated into adaptive control frameworks to approximate
unknown system functions, including uncertainties [15]-[17].
The primary advantage of NNs is their ability to approximate
any sufficiently smooth function with arbitrary accuracy, pro-
vided there are enough neurons [18]. Thus, unknown functions
can be modeled using user-designed NN structures with ideal
weights and bounded approximation errors, allowing tradi-
tional adaptive control techniques to be applied in designing
online adaptation laws [17] ensuring the system stability.

In this context, NNs can be utilized to approximate and
compensate for uncertain functions in vehicle systems, thereby



enhancing the performance of contraction theory-based con-
trollers. To the best of our knowledge, no previous work
has combined NNs with a contraction theory-based control
strategy to handle uncertainties in vehicle systems online.
Therefore, the main objective of this paper is to extend the
contraction theory-based vehicle control strategy to account
for system uncertainties.

B. Contributions
The main contributions of this study are as follows:

e A contraction metric is derived using Linear Matrix
Inequalities (LMIs), which simplifies the calculation, and
the uncertainties in the control input matrix are consid-
ered, assuming the worst-case scenario;

o NNs are employed to approximate model uncertainties
online to improve control performance; and

o The stability and steady-state error of the system are
analyzed using Lyapunov theory.

C. Organization

The remainder of this paper is organized as follows. Section
IT presents the problem formulation and control objectives.
Section IIT provides the necessary background on contraction
theory. Section IV discusses the main results, including the
proposed method. Section V presents the numerical validation.
Finally, Section VI concludes the paper.

II. PROBLEM FORMULATION AND CONTROL OBJECTIVES

In this study, the AWS vehicle is modeled as a simplified
2-DOF bicycle model. The following 2-DOF vehicle lateral
dynamics are considered:

{mvx(iﬂ +7r)=F;+ F,,

L&r = Fyly — Fil,,

(D

where m denotes the mass of the vehicle, I, denotes the
yaw moment of inertia, v, denotes the constant longitudinal
velocity, 3 denotes the side slip angle, » denotes the yaw rate,
and [y and [, denote the distances from the center of gravity
(CG) to the front and rear axles, respectively. The lateral forces
at the front and rear tires are given by

Fyi=Cy (37 = (8+49)) and F, == C, (3, - (8- &2)),
NG N/

=:af =:a,

2)
where dy,d, and oy, a, denote the front/rear steering angle
inputs and slip angles, respectively. The tire cornering stiff-
nesses C'r and C;. are uncertain parameters that vary with state
and road conditions. From a practical standpoint, the cornering
stiffnesses are assumed to be bounded such that C; € [C;, C]
for known constants C;, C; € R~q, Vi € {f, r}. Furthermore,
the actual lateral tire forces differ from the linear tire model
(2), as tire forces are highly nonlinear functions that include
saturation behaviors [13, Chap. 13].

Using contraction theory, we can design a feedback con-
troller that renders the vehicle system (1) contracting to a
desired trajectory, i.e., the system trajectories exponentially

converge to the desired trajectory regardless of initial con-
ditions. However, owing to the uncertainties in the cornering
stiffnesses and potential disturbances, the feedback controller’s
performance may degrade. To tackle these issues, the control
objectives of this study are twofold:

o Design a feedback controller that makes the vehicle
system contract to the desired trajectories, considering
the worst-case scenario of the uncertainties; and

o Approximate the uncertainties from the cornering stiff-
nesses online by using NNs to improve the performance.

III. PRELIMINARIES

In this section, we provide the necessary background on
contraction theory. The detailed explanation of contraction
theory can be found in [9], [19].

Consider that we have the following deterministic nonlinear
system:

L= f(z,t), 3)

where € R" denotes the state vector and f : R” x R>qg —
R™ denotes a smooth nonlinear vector function. Contraction
theory commences with the definition of the differential dy-
namics of the system (3) using differential displacement dx
[20, Chap 4], which is defined as follows:

Loz = sz (4)

The contraction property of the system (3) can be analyzed
using the Lyapunov function V, := V,(z,t) = 16z M,
where M = M (xz,xz4,t) € R"™™ denotes the contraction
metric. The contraction metric M is a symmetric positive
definite matrix and satisfies mI,, > M > mlI, with
m,m € Rso. For the system (3) to be contracting, the
following condition must hold:

AM +2sym(M ) < —2aM, (5)

which leads to %VC < —aV, for some a € R.(. In other
words, all solutions of the system (3) are contracting to a
unique solution with an exponential rate «, i.e., the system
is incrementally exponentially stable [9]. It is notable that the
initial conditions are exponentially forgotten in the contracting
system.

If the system (3) is perturbed by a bounded disturbance
d := d(x,t) € R™ such that ||d|| < d, (3) can be rewritten as

Az = f(z,t) +d. (6)

The disturbance d can consist of various uncertainties such
as parameter variations, unmodeled dynamics and external
disturbances. According to the following theorem, a bounded
error ball of the solutions of (3) and (6) is guaranteed to
converge incrementally and exponentially.

Theorem 1 (Theorem 2.4 in [19] and Eq. (15) [9]). If the
system (3) is contracting with the contraction metric M which
satisfies the condition (5), the path integral Vi(q,dq,t) =
f;f”@(q,t)éq , where ©(q,t) == MY? and &, and &,
are the solutions of (3) and (6), respectively, and q is the




virtual state variable, exponentially converges to a bounded
ball. Especially, the following inequality of a bounded error
ball of the solutions of (3) and (6) holds:

1€1() = &2(1)|| < L& exp(—at) + £/X(1 - exp(—at)),

(N

where x := T/m denotes the condition number of M,
yielding the steady state error bound of gx.

Proof. See the proof of Theorem 2.4 in [19]. O

IV. MAIN RESULTS

We first design the feedback controller based on contraction
theory, considering the worst-case scenario of uncertainties
in Section IV-A. The feedback controller design is highly
motivated by [19] which formulates an LMI optimization prob-
lem to find the contraction metric in the feedback controller.
Then, the NN will be employed to approximate the lumped
disturbance in the error dynamics and design the adaptation
law to update the NN weights online ensuring the system’s
stability in Section IV-B.

A. Feedback Controller Using Contraction Theory

Consider the following nonlinear affine system:
Gz = flz,m) +g(z, mu+d, (®)

where x € Q, CR*, u € R™, w € O, CRP,and d € R"
denote the state vector, control input, uncertain parameters,
and additional bounded lumped disturbance vector, respec-
tively, and €., 2, denote the feasible state and parameter
domains, respectively. By denoting = := (3,7)" € R2?,
u:= (0;,6,)" € Rand 7 := (Cy,C,)" € R?, the vehicle
dynamics (1) with (2) can be rewritten as (8).
The system (8) is assumed to satisfy the following.

Assumption 1. The uncertain parameters T are bounded as
m; € [m;, 7] for known positive constants 7;, T; € Rsg.

Assumption 2. The system functions f and g are sufficiently
smooth and Lipschitz continuous with some positive constants
Ly, Ly € Rso, and g is full column rank to guarantee
the existence of g'. Furthermore, the sign and upper/lower
bounds of entries of g are known, for instance g;; € [gij’gij]
for known positive constants 9,:59i5 € Rs<o. Therefore, the
upper/lower bounds of ||g|| are also known as |g|| € [g,79]
for known positive constants g, g € Rs. a

The desired trajectory xq := x4(t) € Q, C R™ is assumed
to be given by simulating a pre-designed desired control input
ug ‘= ug € R™ with nominal parameters 7,, € ), C RP as

%md = f(wd7ﬂ-n) + g(wdvﬂn)ud' (9)

Before designing the feedback controller, we derive the error
dynamics of e := x — x4 € R™ as follows:

ddte = f(wa 7T) - f(ﬂ!d, 7711) + g(:c, 7T)u - g(wd» 7"-n)ud +d.
(10)
Invoking the state-dependent coefficient (SDC) formulation

which is defined as A = A(x,xz4) fo [aw] (cx +

(1 — ¢)zq)de, where f := f(z,7,) — flxa,mn) +
(g(x, ) — g(xg, 7)) ua , ie., see [12, Lemma 1], the error
dynamics (10) can be represented in the LTV form as follows:

(1)

where f = A(x—x4) and 6 := §(x, 7, 7, ug) = f(x, 7) —

f(z,m,) + (g(x, ®) — g(x,7,))uq + d denotes the lumped

disturbance term which is bounded by Assumption 1 and 2.
The feedback control input u is designed as

Le=A(x —zq) + g(z,m)(u—uy) + 6,

wi=ug— R’ T(:I:nrn)Me—l—u, (12)

where M denotes the contraction metric to be obtained later,
R € R™*™ denotes a positive definite weighting matrix, and
v € R™ denotes an auxiliary control input to be designed later
to handle the uncertainties in Section IV-B. The control input
yields the closed-loop error dynamics as

Le=(A-gR 'g./M)e+gv+34, (13)

where g := g(x, ) and g,, ;= g(x, 7,).

To apply Theorem 1, we define the systems (3) and (6) as
(13) with gv+46 = 0 and (13), respectively, and the virtual g-
system as 4 (q—wy) = (A—gR~'g] M)(q—a)+p(gv+
d), p € [0,1], whose solutions are denoted by g(px = 0,1) =
&, and g(p = 1,t) =: &,, respectively. Then, by Theorem 1,
the solutions &; and &, incrementally converge yielding the
following steady state error bound:

lim [le(t)[] =

t—o0

sup  |lgv + 8, (14)

€y, 7,7, EQr
provided that the contraction metric M satisfies the following
condition:

TM) < —2aM.

(15)
Note that ||gr+4|| can be considered as bounded disturbances
in Theorem 1, since g and & are bounded and the boundedness
of the auxiliary control input v will be shown in Section IV-B
by designing the NN adaptation law.

Now, we formulate an LMI optimization problem to find
the contraction metric M [19]. To transform Bilinear Matrix
Inequality (BMI) condition (15) of M, which corresponds to
the contraction condition given in Theorem 1, into an LMI
condition, W := M~ is pre- and post-multiplied to (15) as
follows:

%M + 2sym(MA) — 2sym(MgR g

— AW 4 2sym(AW) + 2aW < 2sym (gR 'g,)), (16)

leading to the LMI condition of W. By Assumption 2, the
right-hand side of (16) is positive symmetric definite. Thus,
to satisfy (16) for all g;; € [gij,gij], the worst-case scenario
is considered as g = [ﬂij]iE{lw' m}» yielding the
following LMI condition:

n}i€{l, -,

AW + 2sym(AW) + 2aW =< 2sym (QR_ng) eY))

Finally, we obtain the LMI optimization problem to find
W = M"'t satisfy the contraction condition (15) and



minimize the steady state error (14) by the condition number
x of M, as follows:

ming; -, X + AL

o 1 In =S W <xI,
S —4W + 2sym(AW) + 2aW < 2sym (gR_ng) ,
(18)
where ;1 := ™ denotes an additional optimization variable
representing the maximum limit of M, W := mW denotes
the normalized W by p, and A € Ry denotes the penalty
parameter of the maximum limit p. By increasing A, the
amplitude of the control input can be decreased. The detailed
and practical implementation of solving (18) can be found in
[19], [21].

In conclusion, the feedback controller is designed to renders
the system (8) contracting to the error bound exponentially
with respect to the desired trajectory (9), by solving the
LMI problem (18), considering the worst-case scenario of the
uncertain input matrix.

B. Neural Network Approximation and Adaptation Law

In this section, NNs are employed to compensate for § in
the error dynamics (13). The NNs & : R*"*™ x RS — R"
approximate the desired auxiliary control input v* := —g'é
and the actual auxiliary control input v as follows:

v = ®(x,;0%) + €, andl/:@(a:n;a), (19)
where @, := (&', x4)" € R®" denotes the NN input vector,
0 € R= and & € RZ denote the vectorized ideal and
estimated NN weights, respectively, and € € R" denotes the
bounded approximation error, such that ||e]| < € € Rsg. The
NN structure ®(-) is defined as follows:

B(x,;0) = W{ (W ), (20)

where W € R2nt1xl apnd ‘4[/1 € R*1IX™ denote weight
matrices, and 0 := (0]—, 0, ) € R= denotes the vectorized
NN weight vector argument with 8; := vec(W;) € R%:, Vi €
{0,1}. The element-wise activation function ¢ consists of
tanh(-) and 1 to incorporate a bias term in the weight matrix,
ie., ¢(z) := (tanh(z),--- ,tanh(z),1)" € R for some
z € R, Hence, ¢ is bounded and Lipschitz continuous, i.e.,
lé()]] < V1+ 1. The ideal NN weights 8 are assumed to
be constant and bounded as ||0;]| < 0; € R~q, Vi € {0,1}.
The adaptation law of the NN weights is designed using
Lyapunov stability theory. Consider the following Lyapunov
candidate function of the error and outer NN weights esti-
mation error 91: V1= %eTMe + %éjl‘flél, where I'y €
R=1*=1 denotes the positive definite learning rate matrix. For
brevity, we denote ¢ := ¢(Wox,) and ¢* = ¢p(Wix,).

By substituting the NNs in (19) into the closed-loop error
dynamics (13), the time derivative of V7 is given as
d T ATp-1dp
V< —ae Me +6,T7 36,
(15) is satisfied in (18) (d/dt)OI:O
+e Mg (@(mn,a) — D (x,;0") — e) (21)

~T_ ~
< — c)zmHeH2 +0,T; 1%01

~T ~
+e Mg | (Is,© ¢ )0: — (Is, @ ¢" ')} —e
see [2, Proposition (7.1.9)]
~T_ ~ ~T .~
= —amlel*+6,T 1%01 +e' Mg(Iz, ® ¢ )0
+eTMg" ((I=, (6 —¢"))o; —¢).

=:Aq

where the last term A; := A;(6,05,607) is bounded
owing to the boundedness of the activation function, such
that ||A;]] < df|le| for a positive constant 0; :=
mg(2vI+160; +¢€) € Ruo.

To cancel out the third cross-coupling term on the right-hand
side of the final equality in (21), the adaptation law %01 is
designed as

%51 = —1"1( Iz, ® q?>)—r gZMe + 01§1>, (22)
N—————
=(0®(x,;0)/001)T

where the last term represents the o-modification to ensure
the boundedness of the NN weights [17, pp. 168-169] with
a positive constant o3 € Rs. Note that the nominal input
matrix g,, is used instead of the actual input matrix g, since
the actual parameters 7r are unknown. Then, the time derivative
of the Lyapunov candidate function (21) is given as

1vi < — amlle]? + A |le]| — 01[|61]]* — 5167, 6,
+e'M(g—g,) (Izl ® <7>T) 6,
< — amlle]]® + & lel| — 011617 + 181161 |
+ TLgllm — mllll(Tz, © 6 )lllell161]
<mLgVIF1(||e]|2+101]12), (Young’s inequality)
< — (am = mLAVIFT) |le] + Bie]
_ (gl _ mﬁm) 18112 + 018,16 ]].

(23)

Hence, the error e and the NN weight estimation error él are
uniformly ultimately bounded, if the parameters are chosen
such that

a>Lyavi+1and oy > mLgmvI+1, (24)
where the ultimate bounds are given as
lell < sy md 1161 < S =20 29)
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Fig. 1: Actual [==] and nominal [===] lateral tire models.

The adaptation law for the inner NN weights o can be
designed in a similar manner as follows:

~ T T .
500 = —Fo< (W1 Iz, ® x,f)) g,TLMe+aoeo>. (26)

=(0®(x,;0)/000)T

The boundedness of the inner NN weight estimation error
0y == 6y — 0; can be guaranteed and the corresponding
conditions can be obtained similarly to the outer NN weights.

The boundedness of the auxiliary control input v in (12)
can be guaranteed by the boundedness of the NN weights and
the activation function.

V. NUMERICAL VALIDATION
A. Validation Setup

In this section, the proposed control method was validated
in the vehicle lateral dynamics (1) with (2) via numerical
simulation. The vehicle parameters were chosen as m =
1463kg, I, = 1967.8kgm?, I; = 1.2m, and [, = 1.6m.
The nominal parameters were defined as m,, = (Cy, C’T)T =

(6302Nrad ", 6302 Nrad ") .

The actual lateral tire model was defined using the Magic
Formula [13, pp. 365-366] which is defined as Iy,
Dsin [C arctan {B;o; — E (B;«a; — arctan(B;a;))}], Vi
{f,r}, whose parameters were chosen as C' = 1.65, D
5750, and £ = 0.97, and By = 5.31 and B, = 7.97, as
illustrated in Fig. 1. The slopes of the actual lateral front/rear
tire models at a; = 0 were selected to be 80% and 120%
of the nominal lateral tire stiffness for the front and rear tires,
respectively, assuming that the vehicle is heavily loaded toward
the rear. The disturbance vector d was chosen as a random
signal sampled from a uniform distribution bounded by 10°
and 20° for each state. Hence, the lumped disturbance term &
in (11) included the parameter uncertainties in the lateral tire
stiffness and the external disturbance d.

The desired trajectory was generated by simulating with
the nominal parameters 7, and the desired controller wg
which was simply chosen as a constant reverse-phase input
of ug(t) = (67,6,) = (3°,—0.3°)" at t = 0.5s.

For comparative study, the conventional contraction theory-
based controller [21] was also implemented. The selected
controllers are summarized in Table I. The parameters for
the feedback controllers were selected as o = 2, R = I,
and A = b5e—7 and shared for both (C;) and (Cy). The
NN in (C;) was designed with | = 16 hidden neurons
and 'y = I'y = 10I=, and o9 = o1 = 0.001. The
upper/lower bounds for the lateral tire stiffness were chosen

Im

TABLE I: Controllers for comparative study.

Description Control Input
(C1) [===]  Proposed controller (12)
(Co) [ ] Conventional feedback controller  (12) without NN,
2 based on contraction theory [21] ie,v=0
(C3) [==] Desired controller uyg

3/ deg

0 0.5 1 1.5 2 2.5 3
Time /s

(a) Tracking performance of 5.

0 0.5 1 1.5 2 2.5 3
Time / s

(b) Tracking performance of r.
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Time / s
(c) Control input & .
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0 0.5 1 1.5 2 25 3
Time /s
(d) Control input 6.
&
°
-~ 6
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)
|
a0 . s
— 0 0.5 1 1.5 2 2.5 3
Time /s

(e) Norm of tracking error ||@ — a4]|.

Fig. 2: Validation results of (C;1) [===], (C2) [
[==], and the desired trajectory [====].

] and (C3)

as C; € [4141.4Nrad™! 8192.6 Nrad™'] for i € {f,r},
considering +30% variation from the nominal values.

The sampling rate for the controllers was set to 100 Hz,
while the simulation sampling rate was 10 times faster than
the controllers.

B. Validation Results

The validation results are illustrated in Fig. 2. The tracking
performances are quantitatively compared in Table II.

The simulated result of the desired system x4 with the nom-
inal parameters 7r,, and the desired controller u 4 is illustrated



TABLE II: Tracking performances in [, norm.

(Cy) [==] (C2) [=] (C3)[==]
. 0.0375 0.0727 0.2688
Jollelldt s o3 (72.95%) “)

0 0.5 1 1.5 2 2.5 3
Time /s

Fig. 3: Norm of neural network weights in (Cy).

in red dotted line in Fig. 2. Due to the model uncertainties
and external disturbances, when the desired controller (C3)
was naively applied, the actual system @ could not follow the
desired trajectory x4, as illustrated in Fig. 2a and 2b, yielding
large tracking errors 0.2688 as shown in Fig. 2e and Table II.

By applying the controllers based on contraction theory, i.e.,
(Cy) and (Cy), the trajectory errors between x and x4 were
significantly reduced by 86.03% and 72.95% for (C;) and
(Cs), respectively, compared to (Cs), as summarized in Table
II. In the case of (Cs), however, the tracking error was still
observed, since the feedback controller was designed based on
the worst-case scenario, as illustrated in Fig. 2e, yielding 94%
higher tracking error than (C;), as summarized in Table II.

In contrast, the proposed controller (C;) employing NNs
successfully compensated for the model uncertainties and
external disturbances, yielding the best tracking performance
among the tested controllers, as illustrated in Fig. 2e and
Table II. The results demonstrated that the NNs effectively
approximated and compensated for the residual model uncer-
tainties and external disturbances, which could not be handled
by the feedback controller designed based on the worst-case
scenario (C3). Moreover, during the online adaptation of the
NN weights, the system including NN weights remained stable
without any adverse effects, demonstrating the effectiveness of
the proposed adaptation laws, as illustrated in Fig. 3.

VI. CONCLUSION

In this paper, we proposed an all-wheel steering vehicle
lateral control method based on contraction theory with neural
network adaptation to handle model uncertainties and external
disturbances. The contraction theory-based feedback controller
was designed to guarantee exponential convergence of the
trajectory tracking error to a bounded region, considering
the worst-case scenario of the model uncertainties. Then,
NNs were employed to approximate and compensate for the
residual model uncertainties and external disturbances, and
the adaptation laws of the NN weights were designed to
guarantee the boundedness of the tracking error and NN
weight estimation errors. The effectiveness of the proposed
method was validated via numerical simulation of the 2-DOF
vehicle lateral dynamics with lateral tire model uncertainties
and external disturbances.

Future work includes the extension to all-wheel steering ve-
hicles, practical implementation and validation of the proposed
method on a real vehicle, and extension to more complex
vehicle models including longitudinal dynamics.
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