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Abstract. This paper proposes an online reinforcement learning algo-
rithm that directly solves the Bellman optimality equation by casting it
as a constrained optimization problem. Unlike policy or value iteration,
which incrementally approximate the Bellman (optimality) equation, the
method treats the value function and control policy as joint decision vari-
ables and solves them simultaneously. The formulation also permits sys-
tematic incorporation of additional constraints, such as input or safety
limits. Direct solution of the Bellman optimality equation enables coor-
dinated value—policy updates that stabilize online adaptation. Explicit
constraint handling ensures per-step feasibility in online settings. The
problem is addressed using a Lagrangian-based primal-dual approach,
resulting in online update laws that drive the Bellman error toward zero
while satisfying all constraints. The effectiveness of the method is demon-
strated on a constrained nonlinear optimal control task.
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1 Introduction

Optimal control of nonlinear systems remains a central challenge in modern con-
trol theory, with broad applications in robotics, mobility, aerospace, and process
control [1-3]. In practice, progress is impeded by two well-known obstacles: ob-
taining an accurate nonlinear model and the general intractability of analytically
solving the Hamilton—Jacobi-Bellman (HJB) equation or Bellman optimality
equation for most nonlinear systems [4, 5].

Reinforcement Learning (RL) has emerged as a compelling alternative. From
a control-theoretic perspective, RL is often framed as adaptive optimal control,
and the control community has extensively studied Adaptive Dynamic Program-
ming (ADP) as a principal vehicle for online RL in continuous control [6, 7]. ADP
learns optimal policies through system interaction and function approximation,
typically by minimizing the residual of the HJB/Bellman equation or by ac-
tor—critic schemes grounded in Bellman error minimization [8-11].
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Despite its success, many ADP formulations used in control are implemented
as on-policy, incremental parameter adaptation schemes. This design can limit
data efficiency and the persistence of learned information across operating regimes,
which may hinder generalization beyond the currently excited trajectories. In
addition, while there has been progress on safe and constrained RL, constraint
handling is not uniformly integrated in ADP-based controllers: policies are often
derived from unconstrained Bellman updates, which may lead to actuator-limit
or safety violations when deployed [8-11].

To address these issues, we propose an online RL framework that solves the
Bellman optimality equation within a constrained optimization problem. In con-
trast to policy iteration (PI) and value iteration (VI)—which approach optimal-
ity via incremental Bellman backups (alternating policy evaluation/improvement
or repeated application of the Bellman operator)—the proposed method treats
the value function parameters and the control policy as joint decision variables
and solves the Bellman optimality equation directly at each time step. This di-
rect, joint solution removes the decoupled evaluation—improvement loop and,
together with the constrained formulation, explicitly enforces input and safety
limits throughout learning, which is crucial in online operation. A Lagrangian-
based primal-dual scheme then yields online update laws for the actor, critic,
and Lagrange multipliers, driving the Bellman error toward zero under the im-
posed constraints. The approach is validated on a constrained nonlinear optimal
control task, demonstrating stable, constraint-satisfying learning in an online
setting.

2 Preliminaries

2.1 System Dynamics

This paper considers a class of discrete-time, control-affine nonlinear systems,
for which the dynamics are described by the state-space model:

Tpy1 = flag) + g(xr)ur (1)

where k € Z>( is the discrete time index, z; € R" is the state vector, and
ug € R™ is the control input. The function f : R™ — R” represents the unknown
drift dynamics of the system, and g : R® — R™ ™ represents the control input
effectiveness. The objective is to design an online learning controller for this class
of systems, as detailed in the subsequent sections.

2.2 Problem Formulation

For the discrete-time system (1), the objective of optimal control problem is to
find a state-feedback policy ux = m(xx) that minimizes the infinite-horizon cost
function, which is the sum of all future costs:

Viwg) = ) r(wi,uq) (2)
1=k
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where 7(z;, u;) is the reward function.

According to Bellman’s principle of optimality, the solution to this problem
is characterized by the optimal value function, V*(x), which represents the min-
imum possible cost-to-go from a given state z. This function must satisfy the
following Bellman optimality equation:

V¥ (2x) = min {r(zp, ur) + V" (@r+1)} (3)

The optimal control policy, 7*(xy), is the policy that achieves this minimum
at every state. It is defined as:

7 (xy) = argmin {r(zg, ur) + V*(2p11)} (4)

ug

For a quadratic cost reward function r(xg, uy) = x;{ka + ugRuk, the optimal
control input can be derived analytically as a function of the value function’s
gradient:

1
uy, = —§R_1g($k)TVV*($k+1) (5)

A critical limitation of this standard formulation is that the minimization in
(5) is unconstrained, which precludes the direct handling of input constraints. As
a result, the computed u; may violate actuator bounds or safety requirements. In
parallel, control-oriented ADP implementations of PI/VI typically rely on boot-
strapped, sample-based Bellman updates (e.g., TD, Q-learning) which—under
function approximation—may lose contraction, leading to oscillatory or even
divergent value estimates and sensitivity to stepsizes and distribution shift.

To address feasibility and stability within a single framework, we replace
incremental backups with a constrained optimization that is equivalent to the
Bellman optimality equation and treats the value-function parameters and the
policy as joint decision variables. Input and safety limits are encoded as explicit
constraints in the same program, so feasibility is handled by the optimization
rather than by ad hoc projections or penalties. We solve the problem online via
a Lagrangian-based primal-dual scheme, whose updates seek a Karush-Kuhn-
Tucker (KKT) point that simultaneously satisfies Bellman optimality and the
imposed constraints, thereby providing a principled mechanism for per-step fea-
sibility and driving the Bellman error toward zero under standard conditions.

3 Proposed method

3.1 Neural Network Approximation

The optimal value function V*(z) in the Bellman equation (3) is generally un-
known and cannot be solved analytically for nonlinear systems. Therefore, a
function approximator is required to represent V*(x) over a compact set £2 C R™.
This approach utilizes a neural network (NN) structure for this purpose.
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According to the Weierstrass Higher-Order Approximation Theorem [12],
there exists a dense basis set that allows the optimal value function to be repre-
sented by a NN as:

V*(xr) = 0T p(xp) + e(ap) (6)

where ¢(xr) € RP is a vector of p basis functions and e(xy) is the function
approximation error. The ideal weight vector §* € RP is defined as the weight
that minimizes the supremum of the approximation error over the compact set

02:
o — arg min{ sup [|V*(ax) - e%(zk)n} )

ocrRr  (zpen
The approximation theorem states that the error (xy) can be made arbitrarily
small by selecting a sufficiently large number of basis functions p [13].

In the proposed learning framework, the objective is to find an online es-
timate of the ideal weights, denoted as 6. This leads to the definition of the
approximated value function, V(:z:k, 01), which is implemented by the critic net-
work:

V(xk, O0) = OF d(ak) (8)

This approximation is then utilized to formulate the constrained optimization
problem, as detailed in the subsequent section.

3.2 Constrained Optimization Formulation

Building on the Bellman optimality equation (3) and the neural-network ap-
proximation (8), we cast the online update at time step k as a constrained
optimization problem. The key idea is to eliminate the minimization operator in
the equation by introducing the control input u as an additional decision vari-
able and enforcing the equation as an equality constraint, while minimizing the
right-hand side of the equation. This yields a unified program that jointly opti-
mizes the value-function parameters and the policy under explicit input/safety
constraints; the resulting formulation at time step k is given below:

min (2, up) + V(Zre1, 0r)
Uk Uk

s.t. e(uk, Gk) =0 (9)
ci(ug,zk) <0, ¢=1,2,---
where the equality constraint e(ug, 6x) is the Bellman error:

e(ur, 0) 2 r(@p, up) + V(@pr1, 0x) — V(g Or) (10)

and inequality constraints ¢;(ug,xy) define the system constraints.
The Lagrangian function L for this problem is constructed as:

L(uk, Ok, Mk, - - - ) = T(:Ek, Uk) + V((EkJrl, gk)
+A1pe(ug, 0k) + Z Xit1,6Ci(Uk, Tk) (11)

K2
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where \;; are the Lagrange multipliers. The solution is found by satisfying the
KKT conditions [14].

3.3 Online Update Laws

Online update laws are developed to iteratively find a solution satisfying the
KKT conditions.

Critic Update. The critic weights are updated by gradient descent on the La-
grangian:
9k+1 = Gk - angkL (12)

where Vo, L = ¢(xp41) + Ak((@r41) — d(ak))-
Dual Updates. The Lagrange multipliers are updated by gradient ascent to en-
force the constraints. The multiplier for the Bellman error is updated to drive

e — 0:
AL k41 = Ak + axie(ug, Or) (13)

The multipliers for input constraints are updated using projected gradient as-
cent:

/\i+1,k+1 = maX(O, >‘i+1,k’ =+ oz>\1,+lci(uk, $k)) (14)

Actor Policy. The control policy is derived by solving the stationary condition
Vu, L =0:

1
2R

Uk =

D i ik 1,6 Vauci (U, xk))

15
1+ Ak (15)

(9£v¢<xkﬂ>g<xk> n

4 Simulation Validation

4.1 Simulation Setup

To validate the performance of the proposed method, a nonlinear benchmark
system presented in [15] was investigated. This benchmark was chosen because
[15] provides an analytical optimal solution, enabling direct and quantitative
comparison against ground truth performance.

The system was implemented in its continuous-time form, while the controller
operated in discrete time, making it a sampled-data system. The continuous-time
dynamics are given by:

&1 = —x1 + T2 (16)
iy = —0.5(x1 + 22) + 0.529 sin? (1) + sin(x1)u (17)

The simulation was conducted in the MATLAB/Simulink 2024b environ-
ment. The proposed method was implemented as a discrete-time algorithm
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with a sampling time of Ty = 1 ms. For the critic network, a polynomial ba-
sis function vector was chosen as ¢(zx) = [22, 2129, 72]7. The reward function
is defined by r(zp,ug) = xf@xk + ugRuk with weighting matrices Q = Ioxo
and R = 1. The learning rates for the online update laws were selected as
ag =1x107°% ay; =1 x 1074, and ayg = axz = 0.6. The system was initialized
at xo = [—5,5]T, with initial critic weights 6y = [1.5,1.5,1.5]T.

4.2 Simulation Results

To demonstrate the efficacy of the proposed control algorithm, two distinct sce-
narios were simulated: an unconstrained case to establish a performance baseline,
and a constrained case to validate the algorithm’s performance under system
constraint limitations.

Unconstrained Control First, the system was simulated without any con-
straints on the control input u to establish an ideal performance baseline. For a
comparative analysis, the proposed control method was compared with two alter-
native approaches: an analytical solution presented in [15] and a controller based
on conventional Temporal Difference (TD) learning [16]. TD learning was chosen
as a baseline because it typifies the bootstrapped, sample-based Bellman updates
used in control-oriented ADP/PI for online RL, providing a widely adopted yet
sensitivity-prone comparator under function approximation. The TD learning al-
gorithm was implemented using the same basis functions ¢(xy) = [27, 7129, 23]T
and initial critic weights 6y = [1.5,1.5,1.5]7 as the proposed method. The learn-
ing rate for the TD critic update was set to ag = 1 x 1076,

The simulation results for the three methods are presented in Figs. 1-4. Fig-
ure 1 shows that all three methods successfully stabilize the system states. How-
ever, the performance differences become evident in the control input and value
function trajectories, as shown in Figs. 2 and 3. The proposed method’s control
input and value function closely track of the optimal solution. In contrast, the
TD learning approach exhibits significant deviation.

This difference in performance can be attributed to the learning dynamics
of the critic network, as illustrated in Fig. 4. The critic weights of the pro-
posed method are learned to approximate the behavior of the optimal value
function, ensuring stable and near-optimal convergence. In contrast, the TD
learning method fails to achieve this during the online learning phase, as its
weights follow a different convergence pattern.

Constrained Control To validate the proposed method under a constrained
scenario, state-dependent input constraints were added, defined as c¢; (ug, zx) =
0.122 +u — 3 <0 and co(up, zx) = 0.322 —u —2 < 0.

The simulation results are summarized in Figs. 5-7. Figure 5 presents the
overall closed-loop performance. The state trajectories (Fig. 5(a)) show that the
controller stabilizes the system, driving the states to the origin. The control
input (Fig. 5(b)) adapts to satisfy the time-varying, state-dependent constraints
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Fig. 1. Comparison of state trajectories in the unconstrained case: (a) analytical solu-
tion, (b) proposed method, and (c) TD learning-based solution.
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Fig. 2. Comparison of control input trajectories in the unconstrained case: (a) analyt-
ical solution, (b) proposed method, and (¢) TD learning.

induced by z7 and z5. The approximated value function (Fig. 5(c)) converges
smoothly, indicating stable learning.

The behavior of the Lagrange multipliers in Fig. 6 further supports the pro-
posed constraint-handling mechanism. The multipliers Ay and A3 become active
only when their respective constraints are binding, consistent with the KKT
conditions. Meanwhile, the convergence of the multiplier associated with the
Bellman error, A1, indicates that this constraint is enforced throughout the sim-
ulation.

Value Function Value Function Value Function
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Fig. 3. Comparison of value function trajectories in the unconstrained case: (a) ana-
lytical solution, (b) proposed method, and (¢) TD learning.



8 H. Lee and K. Choi

Critic Weight Critic Weight
1.6 3
/N —0; —0;
—0| 25 — b,
1.4 03 0
2
1.2 —
1.5 %/—
1 - 1 :
0 5 10 0 5 10
Time (s) Time (s)

(a) (b)

Fig. 4. Convergence of the critic network weights in the unconstrained case: (a) pro-
posed method and (b) TD learning.

Finally, Fig. 7 illustrates the learning dynamics. The critic weights (Fig. 7(a))
converge to steady values, and the Bellman error e (Fig. 7(b)) is driven toward
zero. Taken together, these results demonstrate that the proposed framework
learns an optimal policy online while adhering to state—input constraints.

State Trajectories 4 Control Input 2 Value Function
R — V()
- - -Constraints

20

________________ .
5 10 0 5 10
Time (s) Time (s) Time (s)
(a) (b) (©)

Fig. 5. Trajectories under the proposed method in the constrained case: (a) state, (b)
input, and (c) value function.
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Fig. 6. Trajectories under the proposed method in the constrained case: (a) Bellman
error multiplier (A1), (b) constraint ¢; multiplier (A2) , and (c) constraint ¢, multiplier
(As).
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Fig. 7. Learning dynamics of the proposed method in the constrained case: (a) con-
vergence of critic weights and (b) Bellman error.

5 Conclusion

This paper introduced a novel online RL framework that directly solves the Bell-
man optimality equation within a constrained optimization problem. By jointly
optimizing the value function and policy while explicitly encoding input/safety
constraints, the method replaces incremental PI/VI-style Bellman backups with
a unified, constraint-aware online update suited to streaming control settings.

A Lagrangian primal-dual scheme provides online update laws for the actor,
critic, and Lagrange multipliers, seeking KKT feasibility at each step. Simu-
lations on a constrained nonlinear task show per-step constraint satisfaction,
closed-loop stabilization, smooth critic convergence, and a decreasing Bellman
error, yielding performance consistent with an analytical optimum.

Future work will: (i) extend the formulation to continuous-time tracking with
rigorous stability analysis; (ii) study robustness on stochastic control problems;
and (iii) improve data efficiency by integrating batch/replay—based online RL
within the same constrained optimization paradigm while preserving feasibility
guarantees.
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