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Abstract

This thesis presents a constrained optimization-based neuro-adaptive controller
(CoNAC) for uncertain Euler-Lagrange systems subject to weight norm and input
constraints. A deep neural network (DNN) is employed to approximate an ideal stabi-
lizing control law which compensates for lumped system uncertainties while addressing
both types of constraints. The weight adaptation laws are derived from constrained
optimization theory, ensuring first-order optimality conditions at steady state. The
controller’s stability is rigorously analyzed using Lyapunov theory, ensuring bounded
tracking errors and DNN weights. Two numerical simulations were constructed to com-
pare CoNAC with other benchmark controllers. The simulations demonstrated effec-

tiveness of CoNAC in tracking error regulation and satisfaction of constraints.
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Chapter 1

Introduction

1.1 Background
Neural Networks in Control Design

Recent advances in deep learning field have shown that neural networks (NNs) can be
used in a wide range of applications. A fundamental idea of deep learning is to uti-
lize the well-known universal approximation capability of the NNs, which allows them
to approximate any smooth function over a compact set with minimal approximation
error. Using this property, various architectures of NNs have been introduced such as
convolutional neural networks (CNNs) for image processing, recurrent neural networks
(RNNs) for time-series data, and long short-term memory (LSTM) networks for se-
quential data. These advances have motivated many researchers in the control field to
leverage NNs for control design.

In general, the NNs are used in control design as a parameter estimator or controller.
In other words, the NNs are trained to produce corresponding output to certain in-
put (e.g. real system parameters or desired control input from current system output).
Hence, designers need to make a dataset which contains input-output pairs, to train the
NNs. Random control inputs are typically applied to collect the input-output pairs by
exploring the interested operating domain. Then, the NNs are trained to approximate
the input-output mapping using the dataset via supervised learning methods to solve
regression problem. For example, as the parameter estimators, 1-Dimensional convolu-
tional neural network (1D-CNN) is used for friction potential estimation [1]. Similarly,
CNN is used to estimate the road conditions (e.g. dry or icy condition) by extracting
features of road image from built-in camera [2]. A time delay neural network (TDNN)
is used to estimate tire-road friction coefficient for vehicle control [3]. In addition, for
motor systems, specific architectures of NNs are used to estimate for the nonlinearity
of voltage source inverter and synchronous machine [4].

On the other hand, as the controller, the NNs are trained to imitate given desired

control input. Thus, designers should design desired controller as the output of input-



output pair for training as well. In [5,6], CNNs are used to produce steering angle from
raw pixel data of camera for vehicle control. This literature shows that end-to-end
controller can be achieved by using NNs. As an optimal feedforward torque control of
synchronous machines, NNs are used to produce optimal reference current [7-9] which
is calculated using nonlinear programming (NLP). The literature reported that the NNs
can provide the optimal reference current with less computational cost than existing
methods. This is because, in general, NLP needs high computational cost to solve the
optimization problem exhibiting unsuitability for real-time control. In contrast, once
the NNs are trained, they can be used for real-time control, since they consist of simple
matrix affine operations and element-wise nonlinear functions. Especially, in [9], multi-
objective hyperparameter optimization is utilized to obtain optimal structure of NN
regarding floating point operations (FLOPS) which can be considered as computational
cost, and current errors, since motor systems require high frequency of control input.
In conclusion, if the NNs are well-trained, the NNs can be used as an estimator or
controller in the control system, with smaller computational cost (if online-train is not
conducted) and sufficient accuracy. However, if an operating point goes outside the in-
terested operating domain, the NNs can not provide the accurate estimation or control
input. This is because, the NNs are train through the dataset which is collected in the
interested operating domain (i.e. they are trained for interpolation not extrapolation
of the dataset). Furthermore, the NNs are inherently black-box models whose input-
output mapping is not interpretable [10,11]. This causes stability and safety problems
of the system, since the possibility of unexpected behavior (e.g. excessively large or
non-proper control input) of the controller exists. Therefore, the stability analysis of
the control system with NNs should be conducted to ensure the stability and safety in

a perspective of control theory.

Neuro-Adaptive Control

From 1980s, as a branch of adaptive control, neuro-adaptive control (NAC) has been
developed to leverage the NNs for control design to approximate unknown system dy-
namics or entire control laws [12,13]. The conventional adaptive control is a control
method that adapts the control parameters to compensate for uncertainties in the
system dynamics, since, in practice, real systems often contains uncertainties due to
unmodeled dynamics, parameter variations, or external disturbances which can signif-

icantly degrade control performance and lead to instability. Similarly, NAC methods
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approximate the uncertainties via NNs and adapts the weights of the NNs. For more
details of conventional adaptive control, the reader is referred to [14,15].

The adaptive control methods typically ensure the stability of the control system
including adaptation law, in the sense of Lyapunov by conducting Lyapunov stability
analysis or deriving adaptation law using Lyapunov stability analysis. As a branch of
adaptive control, the adaptation laws of NAC methods also ensure the stability. This
means that the NAC methods have online adaptation (train) capability with stability
guarantees. It is notable, that the adaptation laws of NAC methods (which will be
presented in the Section 1.2 with a simple example) use the current observed error as
the feedback signal to be backpropagated for adaptation (i.e. generally it is prediction
error of NNs). Since the NN’s weights are adapted according to current observed error
which is dependent on current NN’s weights, the offline adaptation methods can not
be conducted. This feature makes NAC methods be more close to reinforcement learn-
ing methods which attempts to maximize expectation value of reward (i.e. reward is
typically defined as sign changed tracking error.) and need to implemented in real-time
to obtain current reward.

Besides, since NAC is based on control theory, relatively simpler NN architectures
and adaptation methods are used due to their brief mathematical expression. Most
widely utilized architectures are single hidden layer neural networks (SHLNNs) [16-
21] and radial basis function neural networks (RBFNNs) [22-27]. Recently, deep NNs
(DNNs) are utilized in NAC with stability guarantees [28]. The DNNs are more effective
for complex system approximation than shallow NNs, since it offer greater expressive
power with same number of neurons [29]. Additionally, variations of DNNs, such as
long short-term memory (LSTM) networks for time-varying dynamics [30] and physics-
informed neural networks (PINNs) for leveraging physical system knowledge [31], have
further extended the capabilities of neuro-adaptive control systems.

These various NNs are typically employed to improve the conventional control meth-
ods. In [16,20], the NNs are used to compensate for system uncertainties in the feed-
back linearization control. Similarly, the NNs are used to approximate the unknown
dynamics in the backstepping control for higher-order system in [18,25,26,32]. Besides,
sliding mode control (SMC), impedance control and admittance control are also de-
veloped with NNs in [24], [22] and [23], respectively. A few of the NAC methods are
utilized NNs to approximate the entire control law [19]. Aforementioned NAC meth-

ods have shown the effectiveness of the NNs in control design to approximate system



uncertainties and control law.
However, there are some limitations in the existing NAC methods. In following

sections, the limitations are presented, and the research objective is suggested.

1.2 Simple Example of Neuro-Adaptive Control

In this section, a simple example of neuro-adaptive control (NAC) is presented.

Consider a control affine system as follows:
& = f(z) + h(u)

where x € R" is the state, f : R" — R" is the unknown dynamics, A : R" — R" is
control input saturation function, and v € R"™ is the control input. The objective of
this control problem is to design a control law u such that the state x converges to the
origin. The unknown dynamics f(z) can be approximated via NNs according to the

universal approximation theorem presented in Theorem 2.3.1, as follows:
f(z) =®(x;0") + ¢

where ®(-) denotes a universal approximator (e.g. SHLNNs, RBFNNs or DNNs), 6*
is the ideal weight and € is the approximation error. Note that 6* is supposed to be
constant (6* = 0) and bounded.

Ignoring control input saturation, a desired feedback-linearization based stabilizing

control law can be developed as follows:
ut = —®(z;0%) — e — kx

where £ is a positive control gain. Using the estimation of ideal weight é, the control

law can be approximated as follows:
u=—®(z;0) — kx

where 6 is the estimated weight. The closed-loop dynamics can be described as follows:

~

T =9 +e+ h(—kx — D)



where ®* = ®(z;60*) and & = ®(x;0).

The adaptation law can be derived based on the Lyapunov stability analysis. To
simplify the derivation, ignore the control input saturation. Then, taking the time
derivative of the Lyapunov function candidate V = (1/2)z"z + (1/2a)076 where § £

6—6* and a € R-( denotes adaptation gain (learning rate), yields:

. ~ 1~ s
V=2"(—kz + & — ®+¢) + EQTH

A 1 ~rx
= —ka'o + 27 (O — D+ )+ —070
«

— —kaTe 4 2 (=225 082 + ) + 170
o0 a

AT
:—kxTx—FéT(lé— gcg x) +2TA
«Q

where O(||0]|) is the higher order term, and A £ O(-) + € is the lumped disturbance
term. Assuming that A is sufficiently small, the adaptation law which realizes V ~

—kxzTx < 0 can be derived as follows:

However, A can dominate the system when an initial (or on certain domain) estimation
error 0 is large. In result, the parameter drift can occur due to A (i.e. the parameter
estimation 6 increases to infinity over time (see [14])). In practical physical applica-
tions, the parameter drift is crucial since it makes the control input reach to limitation
of actuators (i.e. the amplitude of control input is dependent on weights). This can

destruct the system performance and lead to the system instability.

1.3 Research Objective

To address the above issues (boundedness of weights and control input satura-
tion), constrained optimization offers a promising approach. By formulating the NAC
problem as an optimization problem with constraints, it is possible to adapt the NN
weights (minimize an objective function (e.g., tracking error)) satisfying the constraints
regarding with both weight boundedness and control input saturation. Constrained

optimization provides a theoretical framework for defining optimality of the problem



and presents numerical methods for finding solutions [33]. To the best of the authors’
knowledge, no prior work has applied constrained optimization theory to adaptive con-
trol systems with real-time weight adaptation. Only a few of literature are introduced
constrained optimization based methods to train NNs more efficiently [34-36].

This gap suggests that constrained optimization could be key to addressing both
weight norm boundedness and input constraints in a unified, theoretically grounded
framework, particularly in real-time NAC. In summary, the objective of this thesis is
to develop a NAC that can ensures boundedness of the weights and satisfaction of the

input saturation via optimization method.

1.4 Outline of the Thesis

The remainder of this thesis is organized as follows. Preliminaries for the thesis are
presented in Chapter 2. Using the preliminaries the proposed constrained optimization-
based neuro-adaptive controller (CoNAC) is presented over Chapter 3 and Chapter 4.
Each chapter, at first, introduces the exiting methods concerning weight boundedness,
and input saturation respectively. Then, the details of the proposed CoNAC are pre-
sented, and simulation results are reported. Finally, Chapter 5 concludes the thesis and

suggests future work.



Chapter 2

Preliminaries

This chapter presents the necessary background and mathematical tools required for
the subsequent chapters. Since the proposed controller (constrained optimization-based
neuro-adaptive controller (CoNAC)) is based on adaptive control and constrained op-
timization theory and deep neural networks (DNNs), this chapter covers the following

topics: control theory, constrained optimization theory, and the approximation theory.

2.1 Related Control Theory

In this thesis, the Euler-Lagrange systems will be used as target system since many
engineering systems can be modeled using Euler-Lagrange systems (e.g. aerospace,
robotics, and automotive applications). Using system matrices M (q) € R™*", C(q,q) €
R™ " and G(q) € R", and external forces F'(¢) € R", the Euler-Lagrange system can
be rewritten as

M(q)j+C(q,9)d +Glq) + F(g) =7

where ¢ € R™ denotes generalized state variables and 7 € R™ denotes generalized con-
trol input. The Euler-Lagrange system can be transformed into a second-order control-

affine system by defining the state variables z; £ ¢ and x5 £ § as

i?l =2

Ty :f<x7t) —I—g(x,t)u

where z £ [zy,25]7 € R u = 7, f(z,t) 2 M~ (~Cxy — G — F) and g(v,t) & M~
are system functions.

Using backstepping control approach, the system can be broken down into lower
dimension subsystem by generating the auxiliary control input to regulate the higher
dimension original system [37]. Considering tracking error with a given smooth refer-

ence signal 7 (t) € R", the tracking error and its time-derivative are defined as

A . . . .
€L =1 —T, €1==T1—T1==T2—T1.



Using the Lyapunov function defined as V; £ (1/2)ele;, the time-derivative of V; yields
Vl = e{él = 6{(1‘2 — 7“1)

The auxiliary control input ro € R™ which realizes Vl < 0 can be defined as ry £
—kyey + 71 for some constant k1 € Ryq. Let ea 2 29 — 1y = 29 — (—kie; + 71) denotes

the tracking error of xs.

Then, the time-derivative of the Lyapunov function V, £ (1/2)ele; + (1/2)ele,
yields
Vg 26?(132 — 7’1) + 62Té2
26?(—]{3161 + 62) + egég
= —kiele; +eley +er (f +gu—ry)
Therefore, the stabilizing control input u that realizes Vg = —klelTel — kgegeg <0

can be designed as

u s g’l(—el — koeg + 79 — f)

where ky € R is a positive constant. Note that, the stabilizing control input u requires
the knowledge of the system functions f(x) and g(z).

On the other hand, the bounded input bounded output (BIBO) stability defined in
Theorem 2.1.1, will be used for the stability analysis in the later chapters.

Theorem 2.1.1. (see [38, Theorem 1.9]) Let the closed-loop transfer function H(x)
be the exponentially stable and strictly proper. Then y = H xu € L™, y € L*, and y

1s uniformly continuous, if u € L.

In other word, ||z|| is bounded, for a linear system & = Ax+ Bu where A is Hurwitz
matrix and || B||r and ||u|| are bounded. Without loss of generality, the BIBO stability

can be extended to matrix state x € R™™ as well.

2.2 Mathematical Review
2.2.1 Matrix Algebra
In this thesis, we will use the following notations for matrix algebra.

e 1(;) denotes the i-th element of vector x € R".

-8 —



e A ;) denotes the element in the i-th row and j-th column of matrix A € R™*™.
e 10w,;(A) denotes the j-th row of matrix A € R™*™.
® \uin(A) denotes the minimum eigenvalue of matrix A € R™*".
For a matrix A € R™™ the vec operator is defined as
vec(A) £ [rowl(AT) rowy(AT) -+ row,(AT)| € R"™.
Moreover, for the brief expression of neural networks (NNs) and their gradient,
Kronecker product will be used which is defined in Definition 2.2.1.

Definition 2.2.1 (see [39, Definition 7.1.2]). Using the vec operator, the Kronecker
product of two matrices A € R™ ™ and B € RP*? is defined as

Agpe |AenB AeaB - AemB | b
_A(n7]_)B A(n72)B st A(n7m)B_

The Kronecker product has the following proposition.

Proposition 2.2.1 (see [39, Proposition 7.1.9]). For matriz A € R"™ and vector
x € R™, we have the following property

ATx = vec(ATx) = vec(a A) = (I, ® 27 )vec(A).

The proof of Proposition 2.2.1 can be found in [39]. Using Proposition 2.2.1 the

gradient with respect the vectorized A can be computed as

O(ATz)

_ T
Ovec(A) In @z

The reader is referred to [39, Chapter 7] for more details about the Kronecker

Product and its properties.



2.2.2 Constrained Optimization Theory

The general formulation of the constrained optimization problem can be represented
as
cj(r) =0, Vjef&

minimize f(z), subject to
‘ cj(z) <0, VjeZ

where f : R" — R denotes the objective function, x € R"™ denotes the optimization
variables, and £ and Z are the set of equality and inequality constraints, respectively.
The objective of the constrained optimization problem is to find the optimal point x*
that locally or globally minimizes the objective function f(x), satisfying the constraints
cj(z). Generally, the imposed constraints in an active set A = EU{j € T | ¢; > 0} are
supposed to satisfy the Linear Independence Constraint Qualification (LICQ) which is
defined in Definition 2.2.2.

Definition 2.2.2 (see [33, Definition 12.1]). If the gradients of the active constraints
Ve,(x*), j € A, are linearly independent, the set of constraints {c;} satisfies the Linear

Independence Constraint Qualification (LICQ) at x*.

Using the Lagrange multipliers \; for each constraint ¢;(z), the Lagrangian function

is defined as

Lz, [Mjesur) = f(@) + ) Ngi(@) + ) Ng().

jEE jET
Then, the constrained optimization problem can be reformulated as the min-max prob-
lem as

min max L(x, [\j]jecuz)-
z [Nljesuz

The conditions of optimality are defined by the first-order necessary condition and
the second-order necessary and sufficient conditions. The first-order necessary condi-
tion which is often known as the Karush-Kuhn-Tucker conditions (KKT) is that the
gradient of the Lagrangian function L at (2*,\*) should be zero. The second-order
necessary condition is that the Hessian matrix of L at (z*, \*) should be positive semi-
definite while the second-order sufficient condition is that the Hessian matrix should be
positive definite (i.e. L is convex in the neighbor of the point (z*, A*)). The constrained
optimization problem typically attempts to find local solution (z*, A*) which satisfy
the first-order necessary condition of optimality, since there is no guarantee that L is

convex function (i.e. for the global optimality second-order condition is required). The

— 10 —



KKT conditions for the constrained optimization problem is stated in [33] as following
Theorem 2.2.1.

Theorem 2.2.1 (see [33, Theorem 12.1]). Let x* be a local solution of the constrained
optimization problem. Then, there exists a Lagrange multiplier vector \* such that the

following conditions are satisfied:

V.L(x*, ) =0
cj(z*) =0, Vjef&
cj(z*) <0, VjeZ
N>0, VjeT
Ncj(z") =0, VjefUT

For the details of the optimization theory, the reader can refer to [33] and [40].

2.2.3 Preservation of Convexity

Definition 2.2.3 (see [40, Chapter 2.1.4]). A set C' is convex if the line segment
between any two points in C' lies entirely in C. That is, for all z, y € C and X € [0, 1],

we have

Ar+ (1— Ny e C.
Definition 2.2.4 (see [40, Chapter 3.1.1]). A function f: R™ — R is convex if dom

of f is a convex set and if for all z, y € dom f and A € [0, 1], we have

fOz+ (1= Ny) <Af(x)+ 1 =N f(y).

The convexity is very useful property in optimization theory and controller design to
find optimal control parameters, since the every local solution points are global solution
point satisfying the second-order necessary and sufficient conditions [33, Theorem 2.5].
Furthermore, if the optimal point of the convex function f(z) is the origin, the opposite
direction of the gradient of f at z is the descent direction. In other word, the angle

between the gradient at x and the vector z is positive as following Lemma 2.2.1.

Lemma 2.2.1. Let f : R” = R be a convex function and x be a point in the domain
of f. If the origin is the optimal point of the function f, then the angle between the
gradient of f at x and the vector x is positive, implying that V fTz > 0.

- 11 =



Proof. Let the origin be the isolated optimal point that minimizes the function f such
that f(z) > f(0). Then, the following inequality holds:

VfT(_I) :% (]3 — (51;) -
iy JE 00— ) — f(2)
6—0 o)
< (lsi‘% 5f(0)+ (1 —;S)f(x) ~ f(x)
=f(0) — f(z) <0

It implies that the angle between the gradient of f at x and the vector x is positive. [

In [40, Chapter 2.3.2], the authors stated that the affine functions preserve the

convexity of the function as follows:

Recall that a function f : R® — R™ is affine if it is a sum of a linear function
and a constant, i.e. if it has the form f(z) = Az + b, where A € R™*™ and
b € R™. Suppose S € R" is convex and f : R € n — R™ is an affine
function. Then the image of S under f,

f(8) ={f(@)x € S},

This property will be utilized in the stability analysis of the controller in Chapter 4.

2.3 Deep Neural Networks

The capability of NNs to approximate functions is based on the approximation
theory [41]. In other words, the NNs can approximate any sufficiently smooth function

on a compact set with arbitrary accuracy according to the universal approximation
theorem defined in Theorem 2.3.1.

Theorem 2.3.1 (see [13,42]). Let f be a sufficiently smooth function defined on a
compact set x € 0 € R™. Then, for any € € Ry, there exists an ideal weight vector 0* in
a single hidden layer NN (SHLNN) with the sigmodal activation function ®(z;6*) that
approzimates f with e-accuracy in x € ) such that sup,cq ||P(z;6%) — f(1)]| = € < o0.
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P

Figure 2.1: Architecture of the deep neural network (DNN).

Besides, the universal approximation property of deep NNs (DNNs) is also reported
in [43]. Generally, the ideal vector is assumed to be constant and bounded such that
0% <0 < 0.

Mathematical Expression of Deep Neural Network

Most literature which utilizes the SHLNNs in the controller, have shown that the
SHLNNs can approximate the uncertain system functions or control law with satisfac-
tory performance index. However, the DNNs are exponentially more expressive than
the SHLNNSs to the same accuracy in terms of the total number of weights [29]. There-
fore, the DNNs will be utilized in the controller in this thesis. Note that the SHLNN
can be considered as the simplest architecture of the DNN with a single hidden layer.

In general, it was open problem to leverage the DNNs in controllers due to the
nonlinearity and mathematically complex architecture of the DNNs. In [28], Omkar
Sudhir Patil et al. proposed the novel DNN based neuro-adaptive control for control-
affine nonlinear systems. The architecture of the DNN in the controller is described in
Fig. 2.1 and is defined as

B(@30) 2 VoV - 0oV r( )+ ) 2.)

where z,, denotes the NN input vector, V; € REFTDxlt1 is the weight matrix of the
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ith layer, and ¢; : R% — R4T! represents the activation function of the " layer. The
element-wise activation function is defined as ¢;(z) = [o(zq)), 0(z2), -+, o (@), 17,
where ¢ : R — R is a nonlinear function, and the augmentation of 1 is used to account
for bias terms in the weight matrices. For a better understanding, (2.1) also can be

represented recursively as

%T(bi(q)i—l)? (&S [17"‘7k]7

Vi ., i=0,

o, £

where ®; denote each layer’s output (i.e. the last layer’s output is equal to the output
of DNN such that &5 = ®(z,;0)).

One of the widely used activation functions for large DNNs is from the ReLLU fam-
ily [44], which effectively avoids the gradient vanishing problem during error backprop-
agation. The gradient vanishing problem occurs when the gradient of the activation
function is close to zero, since the gradient of each layer is multiplied using chain rule
to backpropagate the error to the inner layers (i.e. deeper NNs have high possibility of
gradient vanishing). However, for control applications where relatively shallow DNNs
are typically sufficient, and the gradient vanishing issue is less severe, the sigmoid func-
tion or the hyperbolic tangent function is commonly used as the activation function.
These functions simplify stability analysis due to their continuous differentiability, and
their outputs and gradients are bounded such that ||¢;(-)|| < oo and |[|V;(+)||r < 0.
In this thesis, the hyperbolic tangent function tanh(-) was selected as the activation
function (i.e. o(-) = tanh(-)), which provides desirable boundedness with |lo(-)| < 1
and ||Vo(-)|| < 1. Note that, the number of hidden layers should be limited around
5 to avoid the gradient vanishing issue, since the gradient vanishing problem is not
addressed.

For simplicity, each layer’s weights are vectorized as #; £ vec(V;) € RZi, where
Z; = (I; + 1)li41 is the number of weights in the i*® layer. The total weight vector

0 € R= is defined by augmentation 6; for all i € [0,--- , k] as

9k VeC(Vk)
Or_1 vec(Vi_1)

o vec(Vp)
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where = = Zf:o =; represents the total number of weights.

Gradient of Deep Neural Network

In the derivation of adaptation law, the gradient of the DNN with respect to the weights
is required. The gradient of ®(z,;0) with respect to 6 is defined as

0o 0o 0 od =
2 | = . = R™*= 2.2
20~ |06, 06, 96, | < (2:2)
where
4
(Ilk+1 ® (b}cp)? 1=k
06 | VoL, ® dl ). =k
00, : ’
\%Tgb;g""/ngb/l(Ih ®£L‘Z), =0

where ¢; = ¢;(®;_1) and ¢; = 0¢;/0P;_,. The gradient can be obtained using the chain

rule and Proposition 2.2.1.
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Chapter 3
CoNAC for Uncertain Euler-Lagrange Sys-
tems Under Weight Constraints

3.1 Introduction

In this chapter, a novel constrained optimization-based neuro-adaptive control (Co
NAC) is presented for uncertain Euler-Lagrange systems with a weight norm constraint.
As presented in Section 1.2, one of the common issues in neuro-adaptive control (NAC)
is that the boundedness of neural network’s (NN) weights is not guaranteed. Since the
amplitude of control input of NAC is dependent on the weights, the unbounded weights
may lead to instability and severe safety issues. The satisfaction of the boundedness of

the weights are reformulated into weight norm constraints, which are then incorporated
into the CoNAC.
3.2 Problem Formulation

Consider an uncertain Euler-Lagrange system modeled as
M(q)q+C(a.4)g+Glq) + Flg) =7 (3.1)

where ¢ € R™ and 7 € R" denotes the generalized coordinate and the control input,
respectively; M(q) € R, C(q,q) € R™" and G(q) € R™ denote the unknown system
function matrices; and F'(q) € R denotes the external force.

Using the user-designed matrices My > 0, Cy and Gy, (3.1) can be represented as
MoG+ Cog + Go =7+ f(q,4,G) (3.2)

where f(q,q,q§) = —(M — My)i— (C —Co)(q,§)q— (G — Go) — F(q) denotes the residual
unknown term.
As presented in Section 1.2, the parameter drift (i.e. the weights of NNs can diverse)

may occur due to the lumped disturbance term. Hence, the objective of the control
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design is to make ¢ track the continuously differentiable desired trajectory g4(¢) : R —
R™ under the unknown terms f while ensuring boundedness of weights of NN in the
controller.

3.3 Exiting Works for Boundedness of Weights

Most studies modify their adaptation laws to ensure the boundedness of the weights.

3.3.1 Projection Operator

In [27,28,30], the projection operator is utilized to prevent the weight divergence, by
projecting the adaptation direction on some convex set of the weights. The projection

operator is defined in [37, Appendix E, eq. (E.4)] and represented as

if x € Qorif
. Iy T
Projo(y) = x €6 and Ve'Ty >0 (3.3)
Iy — I Ty otherwise

where I' = I'T > 0 is adaptation gain matrix and y € R" denotes the update direction
of optimization variable x € R"™. Moreover, Q = {z | c(z) < 0} denotes a convex
set defined by ¢(-) is a convex function and §€2 denotes a boundary of . The convex
function c(-) is typically selected as (1/2)xTx < 2% where T € R+ is a maximum norm
of x. However, in the literature, the projection operator is only applied to theoretically
guarantee the boundedness of the weights, by selecting the convex set as large as
possible. This is because, the authors attempts to estimate the globally ideal weights

whose magnitude is unknown.

3.3.2 o and e-modifications

In adaptive control theory, the o-modification [26] and the e-modification [17,19] are
widely used to regulate the magnitude of the weights by adding a stabilizing function

in the adaptation law as follows:

Yo =Ly + ), ye=T(y+pllelr)
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where y;, i € [0, €] denote adaptation laws of o-modification and e-modification, respec-
tively, e denotes tracking error, and A and p denote parameters of o-modification and
e-modification, respectively. These methods make the invariance set of the estimation
error of the weights over time. The existing methods have shown their effectiveness
in ensuring the boundedness of the weights via numerical simulations. However, the
weights are biased to the origin by the stabilizing function, which may degrade the
performance of the controller. This means that there is a trade-off between the bound-
edness of the weights and the optimality of the weights. Moreover, they lack theoretical
analysis regarding the optimality of the adapted weights.

Interestingly, similar approaches that regulate the magnitude of the weights have
also been introduced in the deep learning literature. One of the approaches is Lo-
regularization, which adds the squared magnitudes of the weights to the objective
function [45,46]. Then, the adaptation process attempts to reduce not only the original
objective function, but also the magnitude of the weights. By regulating the magnitude
of the weights, the stability of the adaptation process can be enhanced, and overfitting
can be prevented. However, Lo-regularization also involves same limitations as o and

e-modifications.

3.4 CoNAC with Weight Norm Constraint

Without loss of generality a single hidden layer neural network (SHLNN) is utilized
in this chapter for better intuition and simplicity. Note that SHLNN is the simplest
case of DNN presented in Section 2.3. The architecture of the CoNAC is illustrated
in Fig. 3.1, consisting of: a reference generator, the SHLNN that functions as NAC,
and a weight optimizer for the SHLNN. The reference generator is designed based on
backstepping control (BSC), presented in previous Section 2.1 ;| to generate a tracking

reference for both ¢ and ¢.

3.4.1 Control Law Development

The system dynamics (3.2) can be represented as

q=z,

b= —M;'Coz — My Gy + My h(r) + My f,
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Constrained Optimization-based Neuro-Adaptive Controller

Ref. Generator

~—

L=

Weight
Optimizer

Figure 3.1: Architecture of the constrained optimization-based neuro-adaptive con-
troller (CoNAC).

where z £ ¢.
Consider the Lyapunov function V., = (1/2)G"§, where § £ g — qq represents the

tracking error between the actual trajectory g and the desired trajectory g;. The desired

trajectory of z, ensuring V= 7" (z = qa) <0 is

JAN

Z* - kq(j—i_ Qda

which functions as the reference generator with control gain k, € R.y. The tracking

error of z relative to the desired trajectory z* is defined as

FE 22" =2~ (kG + da) (3.5)

Next, consider the Lyapunov function V,; £ V, + (1/2)272. Its time derivative is

Vo = @ (=kgG + 2) + 2T (= My Coz — My Gy
+ My th(r) + My f — %)
=k G—kFE+ (k4G
— My 'Coz — My Gy + My h(t) + Myt f — 2%)

with control gain k., € R.y. The stabilizing control law, which does not account for

weight norm and input constraints, is defined as follows:
T* £ —MO : (kzé) + (—Mo(j -+ 002 + GO — f + MOZ*) (36)

This control law ensures that the time derivative of the Lyapunov function is negative
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definite, as V., = —k,G"q—k,Z"Z < 0, in the absence of any constraints. However, the
control law 7* cannot be realized in practice because the lumped system uncertainty
function f, which accounts for unmodeled dynamics and disturbances, is not available.

As introduced in Section 2.3, the SHLNN which is simple version of DNN is repre-

sented as

¢’(C]NN; 9) = V1T¢(V0TQNN)

where qyy € RP*! denotes the NN input vector, V; € RUHDxber 4 < [0,1] de-
notes the weight matrix of i*" layer and ¢ : R" — R4*! denotes the activation
function layer. The element-wise activation function layer consists of nonlinear func-
tion o(-) and augmented 1 to combine the bias term in weight matrix (i.e. ¢(z) =
[o(z)), -+, 0(zay), 1]7). For further simplicity, let £ [0, 0777 € R denote the total
weight vector, where 0; = vec(V;) € R denote the vectorized weights. Z; = ([;+1)-1;41
and = = Zj 4+ =; denote the number of each layer and total weights, respectively.
Using this SHLNN, the desired controller 7* can be approximated through ideal
weight vector §* for a compact subset Qyy € RY*! to e-accuracy according to Theorem
2.3.1 such that sup,,  co.y 1P(gvn; 0*) — 7| = € < oo. The ideal weight vector 0*
is typically assumed to be bounded. In this thesis, #* is defined as a local optimal
point, rather than a global optimal point. Then using the estimated weight vector
0 = [07,0717 of 0* = [0:7,0;7)7, the desired controller 7% ~ —®(qyn;0*) — € can be

approximated as follows:

~

T2 —®(gnn;0). (3.7)

For further sections, let ®* £ ®(qyy;60*) and ¢* 2 (Vi qny), and RS (P(qNN;é),
6= (Vi qwn) and ¢ = 06/0(Vi quw).
Using (3.4), (3.5), (3.6), and (3.7), the error dynamics can be derived as

g=—kyq+ =z
! (3.8)
F=—q—k 24+ M (P — D +e)
The error dynamics (3.8) can be represented as a first-order system:
§= A+ Be(®" — &+ ¢) (3.9)
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where ¢ 2 [¢7, 27]" € R?" denotes the augmented error, and

_k:qln _[n 7 B£ é 0n><n )
I, —k, M

Note that A¢ is a stable matrix, and || Be||r < oo.

Ace

3.4.2 Weight Adaptation Laws
Weight Optimizer Design

Consider a positive definite objective function defined as
oo lor
J(€:0) £ €W

where W = W7 > 0 is a weighting matrix. The weight norm constraints ¢;, j € Z
presented in following Section 3.5, are imposed during the weight adaptation process,
where Z denotes the set of the imposed inequality constraints. The corresponding con-

strained optimization problem is formulated as

~

minimize J(&;6), subject to ¢;(0) <0, Vj € . (3.10)
7
Here, tracking error € is considered a pre-defined data or parameter for this optimization

problem. The Lagrangian function is defined as

~

L(£,0, [Mljea) £ T(&0) + > A (6)

jeA

where \; denotes the Lagrange multiplier for each constraint, and A £2{jieT| c; >0}
represents the active set.

The adaptation laws for 6 and [A];c.4 are derived to solve the dual problem of (3.10)
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A

(i.e. ming maxy, ., L(§,0,[A]jea)), as follows:

- :—a<a—‘{+ZAja—cf), (3.11a)
00 06 =" o

- oL
J

)\j = max()\j, 0), \V/] S A,

where o € R+ denotes the adaptation gain (also known as learning rate) and 3; € Rx
denotes the update rate of the Lagrange multipliers in A. The Lagrange multipliers
associated with inequality constraints are non-negative. When a constraint ¢; becomes
active (i.e. violated), the corresponding Lagrange multiplier \; increases from zero
to address the violation by adjusting the weights’ adaptation direction é Once the
violation is resolved and the constraint is no longer active (i.e. ¢; < 0), the multiplier
decreases gradually until it returns to zero. Note that this adaption law is similar
to the augmented Lagrangian method (ALM) in [33], where the adaptation law for
Lagrange multipliers is given by A; - max(\; — ¢;/11,0), with p € R.( being the
penalty parameter.

At steady state, where é =0 and /I\j = 0, the KKT conditions defined in Theorem
2.2.1, are satisfied, i.e. aL/ﬁé =0,¢; <0, A\ >0, and \jc; = 0. In other words, the
proposed optimizer updates the SHLNN weights and Lagrange multipliers in a way
that satisfies the KKT conditions. These conditions represent the first-order necessary
conditions for optimality, guiding the updates toward candidates for a locally optimal

point.

Calculation of the Exact Gradient of Objective Function

The adaptation law for 8 involves the gradient of the objective function with respect
to 0 (i.e. 3.J/80); see (3.11a). Since the objective function depends on the state & of a
dynamic system, obtaining the gradient is not straightforward. Therefore, the forward
sensitivity method from [47] is employed to calculate the exact gradient of the objective
function.
By partially differentiating (3.9), the sensitivity equation of £ with respect to g is
first obtained as .
0P

i1 = A — B (3.12)
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Algorithm 1: Weight optimizer implementation.

input : &, é, Aj, M
output: 0, \;, n
1 Set A<+ AU{j} for all ¢; > 0;

2 Determine update matriz 1) using (3.12);
3 Updaten <—n+1n-Ts;

4 Determine update directions é, [Ajljea using (3.11a), (3.11b);
Update weight vector 6+ 0+0- T,
Update multipliers [\j]jea < [Njljea + [Nljea - Ts;

[Ajljea < max([Aj]jea, 0);
Set A< A—{j} for all \; = 0;

o I & O«

where 7 £ 85/8@ € R?"*Z. Since the initial value of ¢ is independent to 0, M=o is a
zero matrix. The gradient of the objective function with respect to 0 is then obtained

as

oJ o¢T
00 oh
Equations (3.12) and (3.13) can be decomposed for each layer as

Weé=nTWe e RE, (3.13)

!
n= [Th 770]

=Ag [771 770} — B¢ |:(Il2 02y QAST) %Tél(]ll R qnnT)| -

n T
0 _|0T/00u) _Amn |y
00 |0J/00,| |0t

and

where 1; £ 0¢/ 00; € R?"*Ei_ The exact gradient of the objective function is calculated
based on (3.13), with the value of 1 obtained by simulating the sensitivity equation
(3.12).

The proposed controller is implemented using Algorithm 1. For implementation in
the discrete-time domain, it is recommended to use a sufficiently small sampling time
T,. If a large Ty is used, o and f3; should satisfy the Armijo condition [33, Chap. 3

eq. (3.4)] to ensure that the objective function decreases.
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Figure 3.2: Weight norm constraints.

3.5 Weight Norm Constraint

The satisfaction of the weights’ boundedness is reformulated as a weight norm

constraints as shown in Fig. 3.2. The weight norm constraints are represented as follows:

cor(0) £ [161]* — 67 < 0,

101> — 62 < 0,

|
|
where 62 € R denotes the predefined weight norm bound for each layer i € [0, 1].

The gradient of the constraints can be obtained easily as follows:

dcg, | 0zx1 dcg, 20,
96 20, |7 90 |0z |

3.6 Stability Analysis

The following theorem proves the boundedness of the tracking error and the weight

estimation of the weights.

Theorem 3.6.1. For the dynamical system in (3.1), the proposed controller (3.7) and
the adaptation law (3.11) ensure the boundedness of the tracking error  and the weight
estimation é, provided that control gains k, and k, satisfy (3.15).

Proof. The boundedness will be proved from the last layer to the first layer.

— 24 —



Step 1: Boundedness of 6;,7,, ¢

For convenience, assume that all constraints are in the active set without loss of gener-
ality. If the constraints are not in the active set, the boundedness cannot be guaranteed,
but weights will be adapted to reduce the objective function until the constraints are
violated.

The dynamics of & can be represented as
£ = Ak + Be(-V{"¢ + w(t)

where w(t) = V;T¢* 4 is a lumped residual term, which is bounded as |Jw(t)|| < @ < 0.

On the other hand, the dynamics of n; and 6, are represented as

i =Aem — Be(l, ® ¢7)
01 = — a(n] WE+2X0,0,).

According to Theorem 2.1.1, the boundedness of 7; can be obtained, since A is stable
and the residual term — B (I}, ® ¢”) is bounded.

Define the Lyapunov function V; = (1/2)¢7 P¢ + (1/2a)076,, with the Lyapunov
equation A5TP+PA§ = —Q, where A, <0, P = PT > 0, and Q > 0. Using Proposition
2.2.1 (i.e. VIp = vec(VEp) = vec(¢TVi) = (I, ® 67 )vec(Vy) = (I, ® ¢7)0;), the time

derivative of V) is
. 1 o . .
Vi =§€T(A5TP + PAE +ETP(=BVi 6 + Bew(t)) + 9?( — i WE — 2)\0191)
1 e . s
— — 3€7Q¢ — €T PBe(ly, @ 67)oy + €A — BT WE — 220,670,
< = (1/2)Auin(Q)NIEN* + AlIEN + M 10:1]] — 20,1164 1

>\min M A M 7]
<((- 2@ Il + Bl + (- 20 + ) 1

(3.14)
where A £ PBew(t) and M £ —PB¢(I,, ® ¢") + W, which are bounded such that
Al < A < oo and ||[M]|r < M < o0, respectively.

By defining P = I, the eigenvalues of ) = —Ag — A¢ are 2k, and 2k, since A
is a skew-symmetric matrix except for the diagonal entries. According to (3.14), if &,

and k. are provided that
min(ky, k,) > M /2, (3.15)
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and if ), is increased sufficiently large such that 2\g, > M /2, due to the violation of

the ¢y, , the tracking error is bounded in

O = {f ‘ €] < )\min(Q)A_ M/2}’

and the weight estimation 67 is bounded in

05, = {01 6] < 1),

The Lagrange multiplier Ay, is also bounded, since Ay, update halts once 0, approaches
into the compact set Oy , satisfying the constraint cy, .
Step 2: Boundedness of éo, Mo

The dynamics of 7y and 0 are represented as

o =Aeno — BV ¢/ (I @ qun™)
b0 = — a(nOTWf + 2)\9()@0).
Also, according to Theorem 2.1.1, 7 is bounded since A¢ is a stable matrix and

—B VT (I @ qynT) is bounded. To obtain the invariance set of 8y, taking the time-
derivative of the Lyapunov function Vy = (1/2a)6% 6, yields:

Vo :ég(—n0W£ — 2X4,00)
<160l e Wl — 220,05 0y
< - 2>\60||é0||2 + oW 160l

Then, the invariance set can be represented as

Q4 = 100 | 16oll < W Ell/Nay }-

If Ay, is generated sufficiently large due to the violation of cy,, the invariance set
©j, converges to {00 | 10| < 6o}, once the constraint ¢y, is satisfied. Therefore, the
Lagrange multiplier \g, is also bounded.

O
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Figure 3.3: Two-link manipulator model.

Remark 3.6.1. In the constrained optimization method, the corresponding method of
Lo-regularization method is the quadratic penalty method, which replaces the con-
strained optimization problem into an unconstrained optimization problem by adding
the penalty term (1/2u)%,.,¢> in the objective function. The penalty parameter
i € Ry g usually decreases over implementation for the convergence of the optimization
process. However, the decreased penalty term p may alter the original objective func-
tion as the penalty term dominates the objective function. Therefore, Lo-regularization
inherently has the analogous drawback of the quadratic penalty method in the selection

of the regularization coefficient \.
3.7 Simulation Validation

3.7.1 Setup

The two-link manipulator model in [48] is employed for the simulation demonstra-
tion. In the system, the parameters gy, qa,, Tp, My, lp, lcp, by, and f,, denote the joint
angle, desired joint angle, torque, mass, length, center of mass, viscous coefficient, and

friction coefficient, respectively, for link p € [1,2]. The values of the system parameters
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Table 3.1: System model parameters.

Symbol Description Link 1 Link 2
my, Ms Mass of link 23.902 (kg) 3.88 (kg)
l1, 1y Length of link 0.45 (m) 0.45 (m)
let, lea COM of link 0.091 (m) 0.048 (m)
01,by || Viscous coefficient | 2.288 (Nms) | 0.172 (Nms)
fe1, feo || Friction coefficient | 7.17 (Nm) | 1.734 (Nm)

are given in Table 3.1. The reference signal of the ¢ = [q1, ¢2

qdq
qd =
qdo

+ cos(m/2t) + 1
—cos(m/2t) — 1

]T

is defined as follows:

For the comparative study, three controllers were selected: the neuro-adaptive con-
troller with Lo-regularization (NAC-L2) and with e-modification (NAC-eMod), and
the proposed controller with constrained optimization (CoNAC). The performances

of the selected controllers are compared based on the tracking performances and the
dependencies of the parameters A, p, and ; of NAC-L2, NAC-eMod, and CoNAC, re-
spectively. The square root of integrated squared error (ISE) (i.e. 4/ fOT 1€]|% dt, where
T denotes a simulation termination time) is utilized to evaluate the tracking perfor-
mances. The parameter dependencies of the controllers were examined via various
values of the parameters. The values ranged from 0.001 to 1 across 10 samples.

The control laws of all three controllers were the same as defined in (3.7). The
adaptation law of NAC-L2 is derived by adding the squared weight term (1/2)\070
to the objective function such that Jp, = J + (1/2)A076, where A € R-q denotes
the Lo-coefficient. The adaptation law obtained via the gradient descent method is

subsequently adjusted by adding stabilizing term —a\d as follows:

é: aj% = —a(a{ Aé).
00 00

Note that this adaptation law derived based on Lo-regularization method in deep learn-
ing is inherently the same as o-modification in the adaptive control theory which adds

the term —aaé, where 0 € R.y. For NAC-eMod, Similar to o-modification, the stabi-
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Table 3.2: Quantitative comparison of square root of tracking ISE.

NAC-L2 | NAC-eMod | CoNAC (proposed)
Maximum 11.1753e-3 0.5603e-3 0.3439e-3
Upper quartile || 1.7284e-3 0.5566e-3 0.3261e-3
Median 0.5898e-3 0.5519e-3 0.3240e-3
Lower quartile || 0.5533e-3 0.5470e-3 0.3238e-3
Minimum 0.5434e-3 0.5434e-3 0.3235e-3

lizing function —ap||Z||d is added to the adaptation law as follows:

X o0J A
0=—al — +pl|z||0
(% ole10)

where p € R denotes the e-modification coefficient. By ||Z||, the stabilizing function

proportionally increases as the tracking error Z increases. Therefore, the adaptation
attempts to reduce the tracking error mainly without the effect of the stabilizing func-
tion, if the tracking error is sufficiently regulated. The adaptation law of CoNAC is
presented in (3.11). Owing to the stabilizing functions, the weights of NAC-L2 and
NAC-eMod are biased, since the stabilizing functions drive the weights toward the
origin.

All controllers had the same control parameters except their crucial parameters
(i.e. A\, p and f;) as k, = 1.1, k, = 10, My = I, and W = diag([5, 1,15, 15]). The
parameters of the NNs were set [y = 2, [; = 16, I, = 2, and o = 10% and the same
random seed was applied for the weight initialization. The NN input vector was set to
the desired trajectory qg, with the augmented 1 to incorporate the bias term in the
weight matrix, such that qyy = [}, 1]7. For CoNAC, the parameters of the weight
norm constraints were set as 6 = 10 and 6; = 20. The sampling time of the simulation

and the simulation termination time were set to T, = 10~* and T = 10, respectively.

3.7.2 Results

As shown in Fig. 3.4, the maximum square root of tracking ISE of CoNAC is
smaller than the minimum square root of tracking ISEs of NAC-L2 and NAC-eMod
for all variations of the parameters. This is because NAC-L2 and NAC-eMod bias the

weights to the origin, due to the presence of the stabilizing functions. A quantitative
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Figure 3.4: Box-and-Whisker plot of the square root of the tracking ISEs of NAC-L2,
NAC-eMod and CoNAC across various parameter values.

comparison of the square root of tracking ISE is provided in Table 3.2.

For the detailed analysis, three values of the parameters (i.e. A, p, 5; € [0.001,0.45, 1]
) were selected as described in Fig. 3.5 and Fig. 3.6. As shown in Fig. 3.5a, increasing
A reduces the weight norm of NAC-L2 by the stabilizing function —a\d. Moreover, the
high dependency of NAC-L2 to the Lo-regularization coefficient A also can be observed.
Since the weight norm is decreased, NAC-L2 cannot generate sufficient control inputs,
resulting in a larger square root of tracking ISE, as shown in Fig. 3.6a.

On the other hand, NAC-eMod exhibits lower dependency on the e-modification
coefficient p as shown in Fig. 3.5b and Fig. 3.6b. This is because stabilizing function
—ozp||2||é can be decreased once the tracking error z is sufficiently regulated. However,
the bias of the weights to the origin still exists as described in Fig. 3.5b (i.e. smaller
weight norms are observed as p is increased.). Therefore, similar to NAC-L2, the biased
weights produce insufficient control input, resulting in a relatively larger square root
of tracking ISE than that of CONAC, as described in Table 3.2.

Finally, the weight norm of CoNAC is smaller than those of NAC-L2 and NAC-eMod
as shown in Fig. 3.5¢ with better tracking performances. Even if the large f; is provided,
CoNAC can adjust the adaptation direction to satisfy the weight norm constraints
faster, according to (3.11b). Therefore, the lowest dependency on the update rate f;
is observed in CoNAC as shown in Fig. 3.5c and Fig. 3.6¢c. Note that 3; of CoNAC
is the update rate for Lagrange multipliers while A and p are the coefficients of the

stabilizing function that generates the biases of the weights. However, considering the
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Figure 3.5: Weight norms of NAC-L2, NAC-eMod and CoNAC.

implementation using a digital computer, excessively large 3; should be avoided.

The details of the satisfaction of the weight norm constraints are shown in Fig. 3.7
for CONAC with ; = 0.001. As the weight norms of each layer reach the constraint
boundary, the corresponding Lagrange multipliers are generated. Using the Lagrange

multipliers, the adaptation direction is adjusted toward the constraint satisfactory
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Figure 3.6: Tracking errors of NAC-L2, NAC-eMod and CoNAC.

point. The Lagrange multipliers disappear when the constraints are satisfied, and the
weights are adapted to optimize the original objective function without weight bias.
Furthermore, it is important to note that CoNAC shows enhanced tracking per-
formance with smaller weights than NAC-L2 and NAC-eMod. This implies that the
weights in CoNAC approach the different local optimal solution points from those of
NAC-L2 and NAC-eMod. Therefore, if the physical analysis of the system is available
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Figure 3.7: Weight norms and Lagrange multipliers of CoONAC (5 = 0.001).

to predict the feasible maximum control inputs, CoNAC can find the local optimal
solution without unnecessary large control input by imposing the proper weight norm

constraints.

3.8 Conclusion

In this chapter, a constrained optimization-based neuro-adaptive controller (Co
NAC) with a single hidden layer neural network (SHLNN) and weight norm constraint
is presented for the uncertain Euler-Lagrange systems. The boundedness of the weights
is handled by formulating a constrained optimization problem with weight norm in-
equality constraints. Using the constrained optimization approach, the adaptation laws
of the weights and Lagrange multipliers are derived. The boundedness of the tracking
error and the weight estimation are analyzed via Lyapunov analysis. The simulation
results demonstrated that the proposed controller outperforms the existing methods

in terms of tracking performance and parameter dependency. In next chapter, CoONAC
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will be extended to handle input constraints and DNN.
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Chapter 4
CoNAC for Uncertain Euler—Lagrange Sys-
tems Under Weight and Input Constraints

4.1 Introduction

In this chapter, the constrained optimization-based neuro-adaptive controller (
CoNAC) framework is extended to address the input saturation problem. Besides the
boundedness of neural network (NN) weights, the other major issue is satisfying input
constraints, particularly in systems where actuators are subject to physical limita-
tions [49]. The unpredictable outputs of NNs can sometimes lead to excessively large
control inputs which may destroy the actuators or the system itself. This problem
is exacerbated in neuro-adaptive controllers (NACs) that attempt to cancel out sys-
tem dynamics using conventional methods like feedback linearization or backstepping.
In such cases, controllers may produce overly aggressive control inputs, even when the
system’s natural dynamics are stabilizing, leading to unnecessary saturation of the con-
trol inputs. The control input saturation is reformulated into convex input constraints,
then incorporated into the CoNAC. In addition, CoNAC presented in Chapter 3, is
extended by substituting the single hidden layer neural network (SHLNN) by deep
neural network (DNN).

4.2 Problem formulation

Consider an uncertain Euler-Lagrange system modeled as
M(q)i+ Cla,4)q+ G(a) + F(q) = h(7) (4.1)

where ¢ € R"™ denotes the generalized coordinate, and 7 € R"™ denotes the control
input. The terms M (q) € R™*", C(q,q) € R™" and G(q) € R" represent the unknown
system function matrices, while F'(¢) € R™ denotes the external force. The function
h(-) € R™ is a control input saturation function, where each element represents the

control input saturation for each element of 7. The gradient of h(:) with respect to 7
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is continuous and bounded, i.e. ||0h/0T||F € L.

The control input saturation function represents the inherent physical limitations
of the actuators. To account for these limitations, it is essential to incorporate physi-
cally motivated constraints into the controller design. Section 4.5 introduces candidate
constraints that can be applied to ensure compliance with these physical limitations.

Using user-designed nominal system matrices My > 0, Cy, and Gy, (4.1) can be

reformulated as
MoG + Cog+ Go = h(7) + f(q,4, ) (4.2)

where f(q,¢,4) = —AM(q)§ — AC(q,4)§ — AG(q) — F(q) € R™ is the lumped sys-
tem uncertainty function. Here, AM (q) = M(q) — My, AC(q,§) = C(q,q) — Cy, and
AG(q) £ G(q) — Go.

The function f acts like an external disturbance, leading to a poor performance
index and potential instability. The control objective is to develop a neuro-adaptive
controller that enables ¢ to track a continuously differentiable desired trajectory g4(t) :
R — R", compensating for the unknown function f while addressing the imposed

constraints (e.g. weight boundedness and input saturation).

4.3 Existing Works to Prevent Input Saturation

To address input saturation, one may consider the projection operator in Section
3.3.1 as one of solutions. However, the projection operator can not be simply applied
since the NNs are highly nonlinear and non-convex function. Note that the operator is
used to project adaptation direction on given convex set.

On the other hand, many studies introduced auxiliary systems. These systems mit-
igated the effects of control input saturation by modifying the control strategy when
saturation occurred. For instance, in [19,20,50], auxiliary states were generated when-
ever input saturation was detected, and the auxiliary states were incorporated into the
adaptation law to adjust the NN weights accordingly. For details, the auxiliary systems

are generally designed as
é = Agg + BCAT

where ¢ is the auxiliary state, A; is Hurwitz matrix, B¢ is control gain matrix, and
AT = T(i) — Teat,(i) 1S saturated control input of each control channel where 7y, ;)
denotes maximum or minimum value of 7(;. Thus, the auxiliary state ¢ is generated

when the control input 7 exceeds the saturation limit 7.,;. Using the auxiliary state,

— 36 —



Constrained Optimization-based Neuro-Adaptive Controller

gNN
A

Deep

dd N 2* Neural
gqa Ref. Generator Network

—

LY

Weight
Optimizer

Figure 4.1: Architecture of the constrained optimization-based neuro-adaptive con-
troller (CoNAC).

the feedback signal for the adaptation law is modified as

0=~ > 6=~(+0)

where 7(-) denotes arbitrary adaptation law and £ denotes tracking error which is
typically used as feedback signal for adaptation process for NACs. This approach helps
the controller reduce input saturation by indirectly regulating the auxiliary states.
Alternatively, auxiliary states can also be used as feedback terms in the control law
to directly compensate for the effects of input saturation constraints, as demonstrated
in [22,23,51]. In addition, the NN was used to approximate the desired control input,
which compensate for input saturation in [17].

However, these approaches typically handle input bound constraints on a per-input
basis, and may not account for more complex and nonlinear constraints, like input norm
constraints, which are commonly found in physical systems such as robotic actuators

or motor systems due to their power limitations.

4.4 CoNAC with Weight and Input Constraints

The architecture of the proposed CoNAC is illustrated in Fig. 4.1, consisting of:
a reference generator, a DNN that functions as NAC, and a weight optimizer for the
DNN. The simple version of the CoNAC is introduced in Chapter 3 ahead with the
SHLNN instead of the DNN and the weight norm constraints. We will extend it to the
DNN with the weight and input constraints in this chapter.
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4.4.1 Control Law Development
The system dynamics (4.2) can be represented as

q=z

2= —M;'Coz — My Gy + My 'h(7) + Myt f,

where z £ .
Similar to the control law development in Section 3.4.1, the reference generator
generates the desired trajectory z* £ —kyq + gq for z £ ¢, where § £ ¢ — ¢4 and

kq € Ryo. Then the desired stabilizing controller can be designed as
T = —Mg(/{izg -+ q~) + C()Z -+ Go — f + M()Z* (44)

where 2 £ 2 — 2%, k, € Ry, and k, € R.y. Note that the control law 7* cannot be

realized because of f.
The DNN presented in Section 2.3, is defined as

(qnni0) 2 VoV, ooV on (Vi aww)) -+ )
W—/

where ¢y denotes the NN input vector, V; € REtDxlit1 i the weight matrix of the it"
layer, and ¢; : R% — R%*! represents the activation function of the i*" layer. For the
simplicity, the weights are vectorized in 6 = 0:)ictk,- o) € RE consisting of vectorized
weights of each layer such that 6; £ vec(V;) € R, where = £ Zie[k,---o] denotes the
total number of weights and Z; £ (I; + 1)l;41 denote the number of weights in the i*®
layer, respectively.

According to Theorem 2.3.1, the desired control law 7* can be approximated by the
DNN with the ideal weight vector #* on a compact subset Qyy € R! to e-accuracy, such
that sup,,  cayy |P(avn; 0%) — 7% = € < oo. The ideal weight ¢* is typically assumed
to be bounded, i.e. ||6*|| < # < oo. In this thesis, #* is defined as a local optimal point,

rather than a global optimal point.
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Then, the desired control law can be represented as follows:
" =—(®" +e),
which is estimated online by
T=—07, (4.5)

where & £ D(gnn; é), and 6 is the estimated weight vector for 6*.
Using (4.3), (4.4), (4.5), and the definition of Z the error dynamics can be derived

as

=—kyq+Z
. (4.6)
Z=—G— k24 M;H (D" — h(D) + ).
The error dynamics (4.6) can be represented as a first-order system:
€= Ak + Bg(®" = h(D) +¢) (4.7)
where ¢ 2 [¢7, 27]" € R?*" denotes the augmented error, and

A &

—k,'q]n [n ,Bgé 0n><n .
—I, —k.I, M

Note that Ag is a stable matrix, and || Be||r < oco. For further sections, ¢f = ¢;(®r_,)
and ¢*, (9¢ /8@2 15 and (%z = Qﬁz((i)z_l) and é; = 8(/51/8&)1_1

4.4.2 Weight Adaptation Laws

The adaptation laws are same as the previous Section 3.4.2 and represented as

follows:
é = —Oéa—[j = —Oé(a—{ + Z A acﬂ) (48&)
06 96 =" o
ﬂj a)\ ﬁ]cw vj € A7 (48b>
/\j = max(/\j, 0), \V/] c A,
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where L = J(&; 9)+Z]~6A )\jcj(é) denotes Lagrangian function consisting of the original

objective function J = (1/2)¢7¢, the inequality constraint ¢;, j € Z and Lagrange

multiplier \;, where Z is the set of imposed constraints, A = {j € Z | ¢; > 0}

represents the active set. Moreover, @ € R.y denotes the adaptation gain (learning
rate) and 3; € Ry denotes the update rate of the Lagrange multipliers in A.

As presented in Section 3.4.2, the gradient of the objective function with respect to
the weights can be represented as

0J /06,

B IS

00

~

d.J /06,

where W € R2™2n ig a positive weight matrix, and 9¢/90 is the sensitivity of the
weights to the augmented error. The sensitivity of the weights can be obtained by

simulating the sensitivity equation as follows:

!
7'7=[’rzk Me—1 * - 770]

- (4.9)

= A§ [nk 770} - B5E [(Ilk+1 ® QSZ) T ()]
with zero initial value of 7, since the initial ¢ is independent of the weights.
The adaptation is implemented using Algorithm 2. For implementation in the
discrete-time domain, it is recommended to use a sufficiently small sampling time T5. If
a large T is used, a and §; should satisfy the Armijo condition [33, Chap. 3 eq. (3.4)]

to ensure that the objective function decreases.

4.5 Constraint Candidates

This section introduces weight and potential input constraints that can be used in
the CoNAC. The controller can handle any combination of the following constraints,

provided they meet the specified assumptions.

Assumption 4.5.1. The constraint functions cj(é), V7 € I are convex in the T-space
and satisfy ¢;(0) < 0 and ¢;(6*) < 0.

Assumption 4.5.2. The selected constraints satisfy the Linear Independence Con-
straint Qualification (LICQ) defined in Definition 2.2.2.
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Algorithm 2: Weight optimizer implementation.

input : &, é, Aj, M
output: 0, \;, n
1 Set A<+ AU{j} for all ¢; > 0;

2 Determine update matriz 1 using (4.9);
3 Updaten <—n+1n-Ts;

4 Determine update directions é, [Ajljea using (4.8a), (4.8b);
Update weight vector 6+ 0+0- T,
Update multipliers [\j]jea < [Njljea + [Nljea - Ts;

[Ajljea < max([Aj]jea, 0);
Set A< A—{j} for all \; = 0;

o I & O«

A
co, = 16ill*> 67 <0
0; ’
R
K/ }
0;-space

Figure 4.2: Weight norm constraints.

4.5.1 Weight Norm Constraint

The weight norm constraint ¢y = [cg,]ic(o,... ;) € R¥™ limits the maximum norm of

each layer’s weight vector as shown in Fig. 4.2, where
co, = ||6i]* — 87 < 0 (4.10)

with 6; < oo denoting the maximum allowable norm for QAZ The gradient of cy with

respect to 0 is given by

R 0 0 6T
; (Dcg, /00)" ]
2 : =20 T | e RKFDXE (4.11)
(Oca. 90} 0 o6&, 0
C ~
o 0r 0 0
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4.5.2 Input Bound Constraint

Most physical systems have control input limits due to electrical and mechanical

limitations. These are expressed as ¢z = [cz,]ig(1,.. ) and ¢; = [¢; Jig(1,. n), Where
Cr, =Ty — T, <0, ¢, =7, — 75 <0 (4.12)

with 77, and 7., representing the maximum and minimum control input bounds, re-
spectively. For the case of ¢z, is shown in Fig. 4.3. The gradients of ¢ and c,; with

respect to 0 are given by

ac? . _(acﬂ'/aé)T_ _ _ai) _ |:(] ® QZBT> (>i| c Ran
aé (acm-/aé)T 6é lg+1 k )
- - (4.13)
aCZ N (8011./09)T _ +8(i) — |:([ ® éT) o ()} c R™<E
O L |

4.5.3 Input Norm Constraint

Consider the control input 7 as the torque of each actuator corresponding to its
generalized coordinate. Since torque is typically linearly proportional to current, actu-
ators that share a common power source are often subject to total current limitations.

This can be captured by the following inequality constraint:

co= 7P =7<0 (4.14)
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Figure 4.4: Input norm constraints.

with 7 € Ry denoting the maximum allowable control input magnitude as shown in
Fig. 4.4. This input norm constraint is also commonly applied in current and torque
control problems for electric motors [52]. The gradients of ¢, with respect to g are given
by

oc - oo\ \ " ~ -
- = — 21 | Tow; | — — =711, R e R=. 4.15
= o (o (<)) =" @6 (119

It should be noted that constraints (4.12) and (4.14) cannot be imposed simultaneously,

as their gradients (4.13) and (4.15) are linearly dependent, violating the LICQ condition
(see Definition 2.2.2).

4.6 Stability Analysis

Before conducting the stability analysis, let § £ [éi]ie[o,...,k}, where 6, £ 0, — 0;
represents the weight estimation error. The following Lemmas are introduced for the

stability analysis.

Lemma 4.6.1. If Assumptions 4.5.1 and 4.5.2 are satisfied, the angle between 8cj/8ék

and By, is positive when c; is active set, i.e. (Dc;/0,) 0 > 0.

Proof. Since 7 = —®, using Proposition 2.2.1, a linear map T(:) : 0, — T can be

derived as follows:

T ==& = —vec(®) = —vee(Vioy)

) . o (4.16)
=— (I, ® ¢ )vee(Vi) = —(Ly,,, @ ¢ )0k = T(¢r.) 0.
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Therefore, since the linear map is affine map, the convexity of the input constraints
in 7-space (assumed in Assumption 4.5.1) holds in ék—space as well as discussed in
Section 2.2.3, implying that (¢;/96)70; > 0 (see Lemma 2.2.1). The preservation of
convexity is illustrated in Fig. 4.5.

[]

Lemma 4.6.2. If¢;(f), Vj € I\{b;}icp, k) satisfies Assumption 4.5.1, then |0, /06|
,foralli € [k—1,--- 0], is bounded, provided the norms of 0;, for alli € [k,--- ,i+1],

remain bounded.

Proof. The derivative of ¢;, Vj € T\ {0;}icp,... k), With respect to 0; is represented as

dc; _ de; 01 0%
80; 0T 9 9o

where 07/ 0® = —1I,,, which is bounded. From the linear mapping in (4.16), T is bounded
as long as 0y, is bounded (by the condition of the lemma), and ||¢x(+)|| is bounded due
to the properties of the activation functions. By Assumption 4.5.1, the function c; is
convex. The convex function has a bounded derivative with respect to 7, since 7 is a
bounded variable (i.e. dc;/d7 is bounded). Furthermore, 0/ 80; is bounded, provided
that the norms of éi, Vi € [k,--- ,i+ 1], are bounded. This can be verified using the
definition of O /d6; given in (2.2). Consequently, ||dc;/36;]|, Vj € T\ {0:}icpo, 1y, 18
bounded, when 6;, Vi € [k, i+ 1] are bounded.

]
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The following theorem shows that 6 and & are bounded.

Theorem 4.6.1. For the dynamical system in (4.1), the neuro-adaptive controller (4.5)
and weight adaptation laws (4.8) ensure the boundedness of the augmented error & and
the weight estimate 0. This holds with the weight norm constraint (4.10) and input
constraints satisfying Assumption 4.5.2 and 4.5.2, provided that the control gains k,
and k, satisfy (4.18).

Proof. The boundednesses of é, ¢, and 7 are analyzed recursively from the last £ layer

to the first layer of ®. The step-by-step analysis is described as follows.

Step 1: Boundedness of ék,nk, and ¢

The boundedness of ¢ follows from (4.7), using Theorem 2.1.1, since A is a stable
matrix and the term Be(®* — h(®) + €) is bounded due to ||Be|lp, [|Ville o),
1A (-)]l; and le]} < oo

Assume that all constraints are in active set A without loss of generality. The

dynamics of 7;, and 6, can be decomposed from (4.8a) and (4.9) as

oh (9@ Oh
=Aenk — Bfa -y = Aeni, — Bga (I, ® O1)

X oc.:

ek:—a[ngwg+§ j&-&}
N
jeA

k

According to Theorem 2.1.1, ||ny||r is bounded, since A¢ is a stable matrix and the
term —Be(0h/97)(I;,,, ® ¢F) is also bounded.
Let V : R?" x R® — R, denote the Lyapunov function:

1 T 1 AT A
= —¢Tpey —

with the Lyapunov equation A{ P + PA; = —Q, where Ac < 0, P = P" > 0, and
) > 0. Taking the time derivative of V yields:

V=~ SE7Qe + €T PBRTS; — hir) +¢) — O (”’“m FoN acj>

jeEA k

By applying the boundedness of A £ PB(V;*T¢r — h(7) + ¢) and M = W, where

— 45 —



Al €A < oo and |[M||p < M < oo, this simplifies to:

. )\mln(Q) M) 2 A M n o112 T 80]
v< (- + FANE A+ =102 = > N 0F
< (-2 Y hele + Blel + 1) Sl

Representing the term Jcy, / 90y in the last inequality as Jco,,/ 00, = 20, and using the
result provided in (4.11), V can be rewritten as
‘ — A112 s 0¢;
V <)+ —2x, +M/2)[[0k]]” - > Aﬂk@
J€EA\{O:}icpo, . k) k
h d (4.17)

TV
>0, by Lemma4.6.1 and Assumption4.5.2

<= Al @)/ 3172 €I+ B0l + ( = 22, + 3/2) 160]?

Define P = I, leading to Q = —Ag — A¢. Consequently, the minimum eigenvalues
Amin(Q) 1s determined by 2min(k,, k. ), as follows from the structure of the matrix Ae.
From (4.17), if the control gains k, and k, are chosen sufficiently large to satisfy the
condition:

min(k,, k,) > M /2 (4.18)

and if the Lagrange multiplier \g, for the weight norm constraint of the k'™ layer is

increased sufficiently, such that

—2X\g, + M /2 <0,

(as dictated by (4.8b) when the corresponding constraint is violated, i.e. cg, = ||0x]|> —

6_2 > 0), then both ¢ and 0), will remain bounded within the compact sets O and Gék’

defined as oA
O¢ = {5 ‘ 1€l < m}

05, = {0u | 110x]| < 01}

and

The increase of the Lagrange multiplier \g, will halt once 0, reaches the compact set
Gék' Thus, the Lagrange multiplier Ay, is bounded.
The boundedness of the Lagrange multipliers A;, Vj € A\ {6;}icpo,... ), can be ac-

cessed by considering the convexity of the constraints in ék—space. The boundedness
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of the remaining Lagrange multipliers associated with the weight norm constraints,
Xo,, Vr € [0,---,k — 1], will be examined in Step i. Based on Assumption 4.5.1
and Lemma 4.6.1, the equality constraints ¢; < 0, Vj € A\ {0;}icpo,... ), for con-
vex sets O, in ék—space. Let ©, £ NjeA\{6:}icp. @C]. represent the intersection of
these convex sets, which also contains the origin. If A; increases sufficiently such that
Y~ deA\{G Victo. )\ 0T (De,/96),) < 0, then V, and consequently ||0||, will de-
crease until 6, reaches @5 NV, NO. Once 6, hits the boundary of ©,, the Lagrange

multipliers will cease to increase, thus ensuring their boundedness.

Step i: Boundedness of 0, and ni, 1€[k—1---,0]

The boundedness of the Frobenius norm of the gradient / 80; can be obtained from
its definition in (2.2). This relies on the fact that the boundedness of ||6;]|, Vi €
[k, -+ ,i+ 1], was already shown in the previous step (i.e. Step 1 to Step ¢ 4+ 1) and

the activation functions ngﬁl and their derivative q% are bounded.

The dynamics of n; and 6; for all i € [k —1,---,0] are represented as
Oh 09
; = Aeny — Be——
n ¢l $or 29,
and

éz——a NI WE + 22,0, + Z )\j%].
J€A\{0:}icpo, . k) v

According to Theorem 2.1.1, ||n;||r is bounded because A¢ is a stable matrix and the
terms || B[, |(9h/07)||, and ||0®/6;]|r are bounded. When )y, is generated due to a
violation of the weight norm constraint, GAZ remains bounded because the term —2a)\, is
stable, and the residual terms ||, WE|, A, and ||(dc;/06;)|| for all j € A\ {0i}ico, 1
are bounded, as demonstrated in Step 1 and by Lemma 4.6.2. The boundedness of each
Mg, also can be obtained, assuming that )y, is sufficiently increased regulating ||6;|| into
the origin until ¢y, is satisfied.

Therefore, starting from the boundedness of &, ék, and 7, in the k" layer, the
boundednesses of §; and n; for the remaining layers i € [0, --- , k — 1] can be established
recursively, down to the input layer (i = 0). Thus, é, &, and n are bounded because
éi,m, Vi € [0,---,k] and ¢ are bounded. Furthermore, since the estimated weight
vector 6 is bounded, the weight estimation error 0 is also bounded, as 6* is bounded

according to the universal approximation theorem.
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4.7 Simulation Validation

4.7.1 Setup

The proposed CoNAC was validated using a two-link manipulator model, as de-
by, and f.,

denote the joint angle, desired joint angle, torque, mass, length, center of mass, vis-

picted in Fig. 4.6, adapted from [48]. The parameters gy, qa,, Tp, Mp, lp, lep,
cous coefficient, and friction coefficient, respectively, for link p € [1,2]. The values of
the system model parameters are provided in Table 4.1. The desired trajectory for
T

q = [q1, g2]" was defined as

+ c0s(0.497t) + 1
—cos(0.497t) — 1

qd(t) _ [%1

qdo

The control input saturation function was defined as h(7) = 7/||7|| - SSFY (||7||), where

smooth saturation function (SSF) was adopted from [53] and is given by

I~

SSFL (171 = e 2

(4.19)

with p being the smoothing factor. The effect of p and the boundedness of ||0h/0T| F
is shown in Fig. 4.7. The parameters of the control input saturation function were
selected as p = 100 and 7 = 50.

In addition to this physically imposed control input saturation, the input norm
constraint (4.14) was imposed to ensure that the control input 7 stays within the
unsaturation region of h(7) and to prevent inefficient use of the input. With a suf-
ficiently large value for p, the input norm constraint essentially matches the control
input saturation function. Note that among the selected controllers given below, only
the proposed CoNAC can rigorously handle this input norm constraint.

Four controllers were examined for a comparative study. The first was the Backstep-
ping Controller (BSC), used as the baseline. The second was the DNN-based Backstep-
ping Controller (DNN-BSC), an existing neuro-adaptive control method where a DNN
was employed to learn and compensate for the lumped system uncertainty function f
in the BSC. While this method addressed the weight norm constraint via a projection

operator, it did not account for either the input norm or input bound constraints. The

— 48 —



Figure 4.6: Two-link manipulator model.

Table 4.1: System model parameters.

Symbol Description Link 1 Link 2
my, M Mass of link 23.902 (kg) 3.88 (kg)
i, 1o Length of link 0.45 (m) 0.45 (m)
L1, Leo COM of link 0.091 (m) | 0.048 (m)
bi,bs || Viscous coefficient | 2.288 (Nms) | 0.172 (Nms)
fe1, fea || Friction coefficient | 7.17 (Nm) | 1.734 (Nm)

third was DNN-BSC augmented with an auxiliary system presented in [19,20,50] (DNN-
BSC-A), which handled the (linear) input saturation constraint but not the nonlinear
input norm constraint. As a result, an approximation of the input norm constraint was
used as an input bound constraint. Lastly, the proposed controller, CoONAC, rigorously
considered system uncertainties, the weight norm constraint, and input constraints
within a constrained optimization framework. The properties of these four controllers
are summarized in Table 4.2.

The BSC used the control law defined in (4.4). Since BSC did not consider the
unknown system dynamics, the approximation term f was set to zero (i.e. f = [0,0]7).
The control law for DNN-BSC was the same as BSC, but the unknown system dynam-
ics were approximated by a DNN i.e. f ~ &. The adaptation law for DNN-BSC, as
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Figure 4.7: Effect of parameter p in the control input saturation function h and bound-
edness of ||0h/0T| .

Table 4.2: Properties of the controllers used in simulation.

Handling Capability
System Weight Norm Input Norm
Uncertainty Constraint Constraint
BSC X X X
0)
DNN-BSC O X
(by projection)
A
DNN-BSC-A O O
(by projection) | (by aux. system)
0] O
CoNAC O
(by optimization) | (by optimization)

presented in [28], was defined by
8 = Projo[a(0/00)M; 2], (4.20)

where Projg(+) is the projection operator defined in (3.3), which projects an input

vector onto a convex set €. The convex set was defined as Q £ {Qy N --- N O}, where

Q2 {0; | e, <0}, Vie|0,--- k|, representing the weight norm constraint (4.10).
The control law for DNN-BSC-A was the same as DNN-BSC, but with an auxiliary

system to compensate for control input violations. Since the auxiliary system handled
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only the input bound constraint, not the more complex input norm constraint (4.14),
an approximated version of the input norm constraint was used as an input bound
constraint (4.12) with 7; = —7, = (7/v/2 +7)/2. The comparison between the original
input norm constraint and its approximation is shown in Fig. 4.12. The auxiliary system
is defined as ¢ = Ac(+ B¢AT,  (li=o = 0, where ¢ € R™ denotes the auxiliary state,
A = —[20,0;0;20], B, = [10,0;0,10], and A7y = 73y — sat(7(), 73, 7;). The auxiliary
state variables were used in the adaptation law (4.20) by substituting Z with Z + (.

The proposed CoNAC directly approximated the control law using the DNN as
defined in (4.5). The update rates for the Lagrange multipliers were set as 5; = 0.1.
The weight matrix W was selected as W = diag([5, 1, 15, 15])].

For all DNN-based controllers (DNN-BSC, DNN-BSC-A, and CoNAC), the DNN
input vector qyy was set as the desired trajectory for ¢, i.e. gqyy = [g47, 1]7 with the
augmented scalar 1 included to account for the bias term in the weight matrix. Each
DNN architecture had two hidden layers with eight nodes (i.e. k = 2,1y = 2,1, = 8,1y =
8,13 = 2), and the adaptation gain was set to a = 103. The constraint parameters were
o = 20,0, = 30,0, = 40, and 7 = 50 (from Eq. (4.19)). The control parameters for
all the controllers were set as k, = 1.1,k, = 10, My = I,,Cy = I,Go = [0,0]". The

sampling time of the simulations was selected as T, = 1074

4.7.2 Results
System Uncertainty Handling

The tracking results of the selected controllers are shown in Fig. 4.8 and Fig. 4.9.
To demonstrate the effectiveness of using DNNs for compensating the lumped system
uncertainty function f, the gains k, and k, for BSC were intentionally selected as small
values, resulting in a weak ability to handle these uncertainties. As a result, BSC failed
to track the reference trajectory, as shown in Fig. 4.8a.

By leveraging the DNN to compensate for the lumped system uncertainty within the
BSC, DNN-BSC achieved improved tracking performance compared to BSC, as seen in
Fig. 4.8b. Fig. 4.9a shows that DNN-BSC-A enhanced tracking performance for ¢o, but
tracking for ¢; remained unsatisfactory due to incomplete constraint handling, which
will be discussed in detail in Section 4.7.2.

Finally, CoNAC, which directly approximates the stabilizing control law along with

the compensation term, demonstrated satisfactory tracking performance across both
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(b) DNN-BSC

Figure 4.8: Comparison of the tracking performance of BSC and DNN-BSC.

states, as illustrated in Fig. 4.9b.

Input Norm Constraint Handling

The resulting control input 7 and physically saturation control input h(7) for the
selected controllers are shown in Fig. 4.10 and Fig. 4.11. As illustrated in Fig. 4.10a,
BSC did not violate the input norm constraint (i.e. 7 = h(7)). However, in DNN-
BSC, the added compensation term from the DNN caused violations of the input norm
constraint (i.e. 7 > h(7)) at several points; see Fig. 4.10b. This failure to account

for the input norm constraint led to oscillations in the control input 7. The DNN
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the actuators.
On the other hand, both DNN-BSC-A and CoNAC successfully handled their im-

posed input constraints, as shown in Fig. 4.11a and Fig. 4.11b, respectively, without
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Figure 4.9: Comparison of the tracking performance of DNN-BSC-A and CoNAC.

adaptation process attempted to increase the weights to reduce the residual errors that
were not constrained by saturation, but after saturation ceased, the control input had
to rapidly adjust back to realistic levels, leading to oscillatory behavior. Such high-

frequency oscillations may induce instability in the control system or cause fatigue in

causing notable oscillations in the control input 7 even after the input constraint was
activated. However, the tracking performance of DNN-BSC-A was lower than that of
DNN-BSC and CoNAC, as the auxiliary system used in DNN-BSC-A approximated
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Figure 4.10: Comparison of the control input 7 and the physically saturated control
input h(7) of BSC and DNN-BSC.

the input norm constraint with an input bound constraint, creating a rectangular con-
straint in the 7-space (see Fig. 4.12). In contrast, CoONAC satisfied the nonlinear input
norm constraint and produced the physically maximum control input, resulting in im-
proved tracking performance.

It is also important to note that the control input trajectory in DNN-BSC-A de-
pends on the dynamics of the auxiliary system. The auxiliary system regulates the
violated control input after sufficient auxiliary state ( is generated to compensate for
the violation. This can be observed in Fig. 4.12, where DNN-BSC-A exhibited minor

violations of the input bound constraint. In contrast, CoONAC satisfied the constraint
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Figure 4.11: Comparison of the control input 7 and the physically saturated control

input h(7) of DNN-BSC-A and CoNAC.

without being affected by such dynamics, as its Lagrange multiplier adjusted as soon

as the constraint was violated.

Weight Norm Constraint Handling

The resulting weight norms of DNN-BSC, DNN-BSC-A, and CoNAC, along with
the Lagrange multipliers of CoNAC, are shown in Fig. 4.13 and Fig. 4.14. All three
controllers—DNN-BSC, DNN-BSC-A, and CoNAC—maintained weight norms within

the imposed weight norm constraints.
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Figure 4.12: Control input paths of DNN-BSC and CoNAC during the time interval
from 5 s to 8 s.

IN DNN-BSC, as shown in Fig. 4.13a, the weight norm of the last layer (i.e. |||
fluctuated significantly over time, proportional to the control input norm. This is be-
cause the last layer’s weights directly determine the control input. When the control
input violated the input norm constraint, the last layer’s weight norm hit the boundary
and stayed there due to the projection operator. However, the projection operator only
responded to violations without considering optimality or behavior.

In DNN-BSC-A, none of the weight norms reached their boundaries, as shown in
Fig. 4.13b. This was due to the auxiliary system, where the auxiliary state ¢ reduced
the control input, ensuring it stayed within the input constraint.

In CoNAC, all weight norms complied with the imposed constraints through the
constrained optimization approach, as illustrated in Fig.4.14b. When any weight norm
approached its upper limit, the Lagrange multiplier was promptly activated to steer
the weight adaptation direction towards a constraint-satisfactory point (see Fig.4.14a).
Notably, the weight norms of the first and second layers (||6o]| and ||61]|) remained

nearly constant throughout the control period. The weight norm of the last layer ||6,]|
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Figure 4.13: Weight norms of DNN-BSC and DNN-BSC-A.

stabilized within the upper bound by around 6.5 seconds (see Fig. 4.14b (B)), coinciding
with the activation of the input norm constraint. This quasi-static behavior of the
weight norm (i.e. dd/dt = —adL/80 ~ 0) along with the quasi-static behavior of
the Lagrange multipliers (i.e. }\j = Bjc; = 0) implies that the weights were updated
near the KKT conditions, signifying local optimality in CoNAC. However, at around
2.5 seconds (see Fig. 4.14b (A)), the weight norm of the last layer reached the upper
limit earlier, despite similar control conditions as the case at 6.5 seconds. This earlier

saturation likely occurred because the optimization process had not yet fully converged

to the optimal weight values.

— 57 —



A; (log scale)
S

— M, — M, —— A

1

0 2 4 6 8 10
t (s)

(a) Multipliers of CoNAC

0
£
—
o
Z
o
=
.80
()
= . . .
R f—T N — —
| —) —
O" I | | |
0 2 4 6 8 10

t (s)

(b) Weight norms of CoNAC

Figure 4.14: Lagrange multipliers and weight norms CoNAC.

The overall weight norms of CoNAC were larger than those of DNN-BSC and
DNN-BSC-A, since CoNAC approximated the entire stabilizing control law, whereas
DNN-BSC and DNN-BSC-A only approximated the system uncertainty term within
the BSC framework.

Comparison Analysis of Computation Times

In addition, the computation times were analyzed and summarized in Table 4.3. The
MATLAB'’s functions tic and toc were used to measure the computation time at each

time step and the average values were calculated. The simulations were conducted on a
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Table 4.3: Average computation times.

Computation time || BSC | DNN-BSC | DNN-BSC-A | CoNAC
Control (1075 s) | 0.087 0.755 0.7477 0.7465
Ratio 0.112 1 0.988 0.987
Train (x107° s) - 3.877 3.821 3.826
Ratio - 1 0.986 0.987

MacBook Air (2021 model) with an M1 processor and 8 GB of RAM. The computation
times of DNN-BSC were used as the reference for the comparison.

The computing times of the control decisions and training processes of all controllers
were below the simulation sampling time T, = 10~* indicating their suitability for real-
time applications, as shown in Table 4.3. Notably, controllers utilizing DNNs exhibited
higher computation times than BSC due to the additional processing required for
the DNNs. However, compared to the DNN-BSC and DNN-BSC-A, the CoNAC had
similar computation times for both the control and training processes. In other words,
even though the CoNAC involves the additional process for the constraints and the
Lagrange multipliers, its computation times were not significantly increased compared
to the DNN-BSC and DNN-BSC-A. Therefore, the CoNAC can achieve the better
tracking performance and the constraint handling capability which were discussed in
aforementioned sections, without notable increase in the computation times compared

to existing methods with DNNs.

4.8 Conclusion

In this chapter, a constrained optimization-based neuro-adaptive controller (CoN
AC) for the uncertain Euler-Lagrange system is extended to address both weight norm
and input constraints using deep neural network (DNN). The adaptation law is derived
through a rigorous optimization framework. The stability of the proposed controller was
analyzed using Lyapunov theory, ensuring that the system maintains bounded tracking
and estimation errors under real-time adaptation.

The controller effectively incorporated both the input (bound or norm) constraint
and the weight norm constraint, ensuring that both actuator limitations and neural
network weights were kept within predefined bounds. By formulating these constraints

as part of the optimization process, CONAC ensured that the weights converged in a
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way that satisfied the Karush-Kuhn-Tucker (KKT) conditions, guaranteeing optimality
and stability.

Simulation results validated the superior performance of CONAC compared to con-
ventional methods, such as DNN-BSC and DNN-BSC-A. CoNAC not only handled
complex input constraints but also managed the weight norm constraints rigorously,

leading to improved tracking accuracy and stability without notable oscillations.
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Chapter 5

Conclusion and Future Work

In this thesis, the constrained optimization-based neuro-adaptive controller (CoNAC)
for uncertain Euler-Lagrange systems is presented. The two simulation validations
showed that the CoNAC can satisfy the imposed constraints regarding boundedness
of neural network’s (NN’s) weights and control input saturation, while achieving the
desired tracking performance.

However, neuro-adaptive control (NAC) methods including CoNAC have several
limitations to be referred as deep learning-based controller. First, NAC methods adapts
their weights to reduce objective function using current tracking error. This means on-
line implementation is required to train the NNs since the tracking error is dependent on
the current NNs’ weights. Moreover, for the same reason, the NNs cannot be trained of-
fline. Second, the gradient vanishing problem still exists in the train process of the NNs.
To overcome this issue, simply ReLLU activation function can be used. However, the
stability should be examined more rigorously than tanh(-), since ReLU is unbounded
and not continuously differentiable.

The following future works are suggested to tackle above limitations. For the first
limitation, first, reinforcement learning (RL) approach can be used, since training NNs
to minimize objective function is similar as RL which trains to maximize the expected
reward typically defined as sign changed tracking error. There are some literature based
on optimal control theory [54-56]. They approximate optimal control law which is ide-
ally obtained using Hamilton-Jacobi-Bellman framework or concept of value function.
Second, since the ideal desired control law is unavailable, the NAC problem can be
reformulated as a system identification problem by re-design NAC to approximate sys-
tem dynamics instead of control law. In contrast to the control law approximation, the
NNs can be trained offline using the system identification data, if the accurate system
dynamics or observation is available.

For the second limitation, other novel constrained optimization methods can be used
to solve gradient vanishing issue. Except gradient descent-like methods, the existing

methods to overcome gradient vanishing issue using constrained optimization approach
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such as the augmented Lagrangian method (ALM) [34] and the alternating direction
method of multipliers (ADMM) [35,36] are introduced. These methods transform the
NN’s architecture of the NNs to equality constraints and optimize each layer’s weights
and output of activation functions. In other words, the output of NNs can be considered
as one of the optimization variables in optimization problem. Hence, it may simplify
the stability analysis of CONAC with complex constraints since the nonlinearity of NNs
can be omitted in the adaptation derivation.

On the other hand, if the offline adaptation is available, stochastic approach can
be used to theoretically utilize novel deep learning methods. Since the recent deep
learning methods are based on stochastic methods (e.g. , stochastic gradient descent
(SGD), drop out, Ly-regularization), stochastic stability analysis should be conducted if
such methods are used in system. The stability analysis of system which uses stochas-
tic methods is introduced in [57,58]. By conducting stability analysis for stochastic
systems with NNs and stochastic methods, the stability of the controllers with novel
NN methods (e.g. convolutional NN, transformer) can be theoretically and rigorously

analyzed.
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Summary

Constrained Optimization-Based Neuro-Adaptive Control (CoNAC) for

Euler-Lagrange Systems

In this thesis, a constrained optimization-based neuro-adaptive controller (CoNAC)
for uncertain Euler-Lagrange systems is presented. The deep neural network (NN) in
the CoNAC is used to approximate the uncertainties of the system. Therefore, any
prior knowledge of the system uncertainties is not required. To derive the adaptation
laws of NN’s weights and Lagrange multipliers, the control problem is formulated as a
constrained optimization problem. Satisfactions of the weights’ boundedness and con-
trol input saturation are transformed into constraints in the constrained optimization
problem. Using the corresponding Lagrangian function, the adaptation laws are de-
rived, and they satisfy the first-order optimality conditions at the steady state. The
stability of the CoNAC is analyzed using the Lyapunov stability theorem with bound-
edness of weights and tracking errors guaranteed. Two simulation demonstrated that
the CoNAC can achieve the sufficient tracking performance while satisfying the con-

straints on the weights and control input saturation.
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