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Abstract: This paper presents a constrained online reinforcement learning framework for the
optimal tracking control of constrained nonlinear systems. While reinforcement learning provides
powerful tools for optimal control, conventional implementations typically rely on unconstrained
minimization strategies. Since this approach does not restrict the policy search space within the
feasible region, it often drives the control policy toward unbounded actions, exacerbating the
instability inherent in nonlinear function approximation. To address these issues, the proposed
method reformulates the Bellman optimality equation as a constrained optimization problem
where the control policy and value function are treated as joint decision variables. Crucially, this
formulation allows for the explicit incorporation of system constraints directly into the learning
process. A Lagrangian-based primal-dual scheme is then employed to find a Karush-Kuhn-
Tucker solution, ensuring strict constraint satisfaction. Experimental validation on a differential-
wheeled mobile robot demonstrates that the algorithm strictly enforces hard constraints during

complex maneuvers while maintaining stable convergence of the value function.

Keywords: Online reinforcement learning, Constrained optimization, Nonlinear systems,

Tracking control, Mobile robots.

1. INTRODUCTION

Reinforcement Learning (RL) and Approximate Dynamic
Programming (ADP) have emerged as powerful paradigms
for the optimal control of complex nonlinear systems
(Wang et al. (2018); Kopf et al. (2017); Sutton and
Barto (2018)). By iteratively approximating the solution
to the governing optimality conditions—specifically, the
Hamilton-Jacobi-Bellman (HJB) equation in continuous
time or the Bellman Optimality Equation (BOE) in dis-
crete time—these methods enable autonomous agents to
learn optimal policies without requiring exact analytical
solutions or offline computation. This capability is par-
ticularly advantageous for systems operating in uncertain
environments where the system dynamics may be partially
unknown (Wang et al. (2024, 2021); Kamalapurkar et al.
(2016)).

However, the transition of these algorithms to safety-
critical physical systems faces significant hurdles. A critical
deficiency of the standard ADP formulation lies in the
unconstrained nature of the minimization step, specifically
within the critic learning phase. Conventional methods
typically formulate the weight update as an unconstrained
error minimization problem, often implemented via it-
erative gradient descent or least-squares estimation (Gu
et al. (2024); Ye et al. (2025); Modares and Lewis (2014);
Hailemichael et al. (2022a,b)). Since this approach does
not restrict the policy search space within the feasible
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region, it prioritizes the numerical reduction of the tem-
poral difference error over the physical realizability of the
resulting control policy. Consequently, the value function
approximation often evolves in a direction that implies
unbounded control efforts, causing the derived control
law uj to frequently violate actuator saturation limits
or safety boundaries. This issue is compounded in con-
ventional control-oriented ADP frameworks—designed to
approximate Policy Iteration (PI) or Value Iteration (VI)
solutions—that rely on sample-based valuation techniques.
The integration of these incremental update targets with
nonlinear function approximation frequently leads to a
loss of contraction properties or excessive variance, risking
divergence (Bertsekas (2019); He et al. (2020); Moreno-
Mora et al. (2023)). Such instability manifests as oscil-
latory convergence or complete divergence, making the
system highly susceptible to variations in step sizes and
distribution shifts.

To concurrently secure system feasibility and stability, this
paper proposes a framework where the traditional incre-
mental backup strategy is superseded by a constrained
optimization formulation that equates to the Bellman op-
timality equation. Within this paradigm, both the value-
function parameters and the control policy are formulated
as joint decision variables. By embedding input and safety
boundaries directly as constraints within the optimization
problem, feasibility is enforced intrinsically, thereby obvi-
ating the need for ad hoc projections. The problem is re-
solved online via a Lagrangian-based primal-dual scheme,
which iteratively seeks a Karush-Kuhn-Tucker (KKT) so-



lution. This ensures that the Bellman error is driven to
zero while strictly adhering to the imposed constraints.

The remainder of this paper is organized as follows. Section
2 formulates the problem. Section 3 details the proposed
constrained optimization method and update laws. Section
4 presents the experimental validation on a mobile robot,
and Section 5 concludes the paper.

2. PROBLEM FORMULATION

Consider a general discrete-time nonlinear system de-
scribed by the following error dynamics:

ent1 = flew, di) + gler)un (1)
where e, € R” represents the system state error, uy € R™
is the control input, and f : R® — R"™ represents the
unknown drift dynamics of the system, and ¢g : R” —
R™ "™ represents the control input effectiveness. The term
dy, € R™ represents the unknown disturbance term, which
accounts for unmodeled dynamics or discretization errors.

For the discrete-time error dynamics described in (1),
the primary objective of the optimal control problem is
to determine a policy ur = w(er) that minimizes the
infinite-horizon cost function, defined as the accumulation
of future costs:

J(eg) = Zy’:_kr(ei,ui) (2)
i=k

where r(e;,u;) denotes the stage cost and v € (0,1]
represents the discount factor.

In accordance with Bellman’s principle of optimality
(Lewis et al. (2012)), the solution is characterized by the
optimal value function J*(e), which quantifies the mini-
mum cost-to-go from a given state e. This function must
satisfy the BOE:

J*(ex) = min (r(ex, ur) + 77" (er+1)) 3)

Consequently, the optimal control policy 7*(ey) is defined
as the argument that achieves the minimum of the right-
hand side of the BOE:
7 (ex) = argmin {r(eg, ur) +vJ (exs+1)} (4)
U
Assuming a quadratic cost function of the form r(eg, ux) =
e;‘ngk + ufRu;€7 the optimal control input can be derived
analytically using the gradient of the value function:

uj, = _%Rilgd(ek)TVJ*(ekH) (5)

However, the direct application of this unconstrained law
is insufficient for systems with strict physical limitations.
Therefore, the subsequent section introduces a method to
solve (3) while explicitly satisfying inequality constraints.

3. PROPOSED METHOD
3.1 Neural Network Approximation

Since analytical solutions for the optimal value function
J*(z) in the Bellman equation (3) are generally intractable
for nonlinear systems, a function approximation scheme is
necessary. Specifically, a neural network (NN) architecture
is employed to approximate J*(z) over a compact set
Q CR™

Leveraging the universal approximation property of neural
networks (Vrabie and Lewis (2009)), the optimal value
function can be represented using a dense basis set as:

J*(er) = W ¢(er) + e(ex) (6)
where ¢(ey) € RP denotes the vector of p activation func-
tions, and e(ey) represents the reconstruction error. The
ideal weight vector W* € RP is defined as the parameter
set that minimizes the supremum of the approximation
error over {:

W* = arg min{ sup ||J*(ex) — WT¢(ek)|} (7)
W eRp e, €N

Theoretical results ensure that the error e(xy) can be

arbitrarily reduced by increasing the number of hidden

layer neurons p.

In the context of online learning, the objective is to
estimate the ideal weights iteratively. Let W} denote the
estimate at time step k. The approximated value function,
implemented by the critic network, is thus given by:

J(ex, W) = Wil o(ex) (8)
This parametric structure serves as the foundation for

the constrained optimization problem formulated in the
subsequent section.

8.2 Constrained Optimization Formulation

Based on the Bellman optimality equation (3) and the
neural network approximation (8), the learning process
is reformulated as a constrained optimization problem at
each time step k. Rather than minimizing the Bellman
residual error by unconstrained least-squares, the control
input up and the weight vector W}, are treated as joint
decision variables. The Bellman equation is enforced as an
equality constraint, while physical limits are handled via
inequality constraints. The resulting optimization problem
is defined as:

min  r(eg, ux) +vJ (ex+1, W) (9)

uk,Wk

s.t. 5k(uk, Wk) =0
Cj(uk7£k)§07 j:1>"‘7m

where the equality constraint corresponds to the Bellman
residual error:

S (wk, Wie) £ r(en, ur) +7J (ex1, Wi) — J (e, Wi) (10)
and c¢;(ug, {) denotes the set of system constraints.

To solve this constrained problem, the Lagrangian function
L is constructed as follows:

L(uk, Wy, )\) :r(ek, uk) + ’Yj(@k+1, Wk)
+ s 60k (ug, Wi) + Z Ae,jkCj (U, ex)

J

(11)
where \sj is the Lagrange multiplier associated with the
Bellman residual, and A ; ;. represents the multipliers for

the system constraints. The optimal solution is determined
by satisfying the Karush-Kuhn-Tucker (KKT) conditions.

3.8 Online Learning Laws

To ensure convergence to the optimal solution, gradient-
based update laws are formulated to iteratively seek the
saddle point of the Lagrangian, which corresponds to the
KKT conditions.



Critic Weight Update  The critic weights Wy, are updated
via gradient descent to minimize the Lagrangian:

Wi = Wi — awVw, L (12)
The gradient is computed as:
Vw, L = ¢(ext1) + Asp(vd(ert1) — dler)) (13)

Here, the term ¢(eg+1) originates from the objective
function, driving the value function to reflect the future
discounted cost, while the second term incorporating the
Bellman multiplier ensures adherence to the BOE.

Lagrange Multiplier Updates  The dual variables are
updated via gradient ascent to strictly enforce the con-
straints:

Bellman Residual Multiplier — This multiplier is updated
to drive the Bellman error d; to zero:

As 1 = sk + a0 (uk, W) (14)
Constraint Multipliers  The inequality constraints are
enforced using a projected gradient method, ensuring non-
negativity:

Acjkt1 = max (0, Acjk + ec; (u, ex)) (15)
Policy Update The optimal control input uy is obtained
by solving the stationarity condition, V,, L = 0. For a
quadratic stage cost formulation, the closed-form update

law is derived as:
e == 3R (WEVolengaen) + Z3 )
+ Aok
(16)
The overall computational procedure, which integrates
these update laws with real-time policy generation, is
summarized in Algorithm 1.

4. EXPERIMENTAL VALIDATION
4.1 Case Study: Mobile Robot

The proposed control framework is validated using a
physical differential-wheeled mobile robot. The kinematic
evolution of the robot on a 2-D plane is governed by the
following model:

_ z v cos 0 cosf 0
E= 19| = lvsin@ = [sin@ O] Ug (17)
0 w 0 1
where ¢ = [z,y,0]T denotes the state vector comprising

the position and orientation, and ug¢ = [v,w]” represents
the control input vector consisting of linear and angular
velocities.

To define the tracking objective, a reference trajectory
is specified by the reference state &. = [z, ¥, 0,]7 and
reference inputs u, = [v,.,w,]T, satisfying:

) v, cos 0,
& = [vr sin Gr]

W

(18)

where the reference velocities are approximated based on
the trajectory derivatives as v, = /@2 + 92 and w, =

Algorithm 1 Proposed Method

1: Initialize:

2:  Critic weights Wy, Multipliers A0, Ac,j.0

3:  Learning rates aw, as, ac

4:  Discount factor vy, Matrices @, R

5 Initial error eg, Input uy =0

6 Sampling time T, Equality constraint tolerance e
7: Start Control Loop:

8 for k=0,1,2,... do

9: Step 1: Actuation and Feedback

10: Apply ug to robot; wait T; measure exi1
11: Step 2: Online Learning

12: 2a. Critic Weight Update

13: VL« ¢(epy1) + Asr(vd(ery1) — dlex))
14: Wk+1 — Wi — O‘WVWKL

15: 2b. Multiplier Updates

16: O < r(ex,ur) + ’kaT(b(ek_H) — WkngS(ek)

17: )\5,k+1 — )\6,k + a5y,

18: for j=1—mdo

19: Ac,jkt1 < max (0, A jk + cccj(uk, ex))
20: end for

21: Step 3: Policy Update
22: Compute gq(ex) and Vo (ex+1)

23: Calculate optimal control input wugy1:

24: Ukl < —%Rfl Wg+1v¢(€k+1)gd(6k)
27.71:1 Ac,jk Vucj

25: = TFhon

26: Step 4: Update States and Parameters for
Next Iteration

27: €k < €ki1

28: Wi < Wiy

29: Aé,k «— )\6,k+1
30: )\c,j,k — )\c’j’kJ’»l
31: Uk < Uk+1

32: end for

The tracking error e = [x¢, ye, 0.]7 is defined in the robot’s
local coordinate frame to facilitate controller design (Li
et al. (2016)):

cosf sinf 0
e= [ sin @ cos 6 O] (& —§) (19)
0 0 1

By differentiating (19) with respect to time and substi-
tuting the kinematic models, the error dynamics can be
reformulated into the standard nonlinear control-affine

form é = f(e,u,) + g(e)u:
WrYe + Uy cOS O — vy -1 ye v—
0 —=z LJ B wr} (20)
0 -1 "

vy 8in 0, — Wy,
0
For digital implementation, the continuous-time dynamics
are discretized using Euler approximation with a sampling
time Tj:
ekt+1 = e + Tsér, = faler, wr i) + galer)ur (21)
where the discrete-time drift and input terms are given

by fa(ew,ur) = er + Tsf(e,ur) and ga(ex) = Tsg(e),
respectively.

_|_

e =

4.2 Ezperimental Setup

The experimental validation is conducted within the envi-
ronment depicted in Fig. 1. The detailed hardware speci-



fications of the mobile robot platform are summarized in
Table 1.

The onboard computational architecture is powered by
an Intel Core Ultra 5 125H processor (14 cores). The
software ecosystem is founded on the Robot Operating
System 2 (ROS 2) Humble Hawksbill framework, operating
on Ubuntu 22.04 LTS. The proposed control algorithm
is implemented within the MATLAB/Simulink 2024b en-
vironment. Real-time command execution and telemetry
acquisition are facilitated via a ROS-Simulink communi-
cation bridge, ensuring a deterministic control sampling
time (Ts) of 1 ms.

4.3 Ezperimental Results

To strictly assess the capability of the proposed method
in handling actuator saturation and safety limits, a figure-
eight trajectory tracking experiment was performed under
hard constraints.

The reference trajectory is generated using the following
sinusoidal functions:

2, (t) = 3sin(27wert)
yr(t) = 1.5 cos(2mweat) (22)

where the frequencies are set to w,; = 0.02 Hz and
we2 = 0.01 Hz.

In this scenario, stringent constraints are imposed, partic-
ularly on the angular velocity, to induce saturation during
complex maneuvering. The system constraints are defined
as follows:

Fig. 1. Experimental environment and the mobile robot
platform used for validation.

Table 1. Specifications of the Mobile Robot

Platform
Parameter Value
Dimensions (L x W x H) 600 x 600 x 400 mm
Weight 105 kg
Payload (Rated / Max) 35 kg / 200 kg
Max. Speed 1.8 m/s
Ground Clearance 38 mm
Wheel Diameter 139.7 mm
Wheelbase 490 mm
Motor Power 500 W
Encoder Resolution 4096 pulses/rev
Battery 24V, 50 A

Operating Hours =~ 10 hours

(u,§) =v—-05<0

co(u,&) = —v—05<0

es(u,§) =w—0.5<0

cs(u,§) = —w—05<0 (23)

For the implementation of the proposed method, the
weighting matrices for the quadratic stage cost are selected
as Q = I3 and R = 0.5[5, where I,, denotes an n X n
identity matrix. The discount factor is set to v = 0.95. The
critic network utilizes a quadratic basis function vector
defined as ¢(e) = [22,92, 02, veye, Tbe, yebe]T, initialized
with weights W,(0) = [1,1,1,1,1,1]7. The learning rates
for the primal and dual updates are configured as ay =
1 x 1079 for the critic weights, as = 1 x 1075 for
the Bellman residual multiplier, and a.; = 0.6 for the
constraint multipliers (j = 1,...,4). Additionally, the
tolerance for the Bellman residual equality constraint is
set to € = 0.08.

The tracking performance under these hard constraints is
presented in Fig. 2 and Fig. 3. Despite the reduced control
authority resulting from strict angular velocity limits, the
mobile robot successfully tracks the figure-eight reference
path. As observed in Fig. 2(b) and Fig. 3, the tracking
errors in the x-position, y-position, and orientation even-
tually converge. It is noted that the transient response
exhibits slightly more aggressive behavior compared to
unconstrained scenarios, a direct consequence of control
input saturation.

The active enforcement of constraints is explicitly demon-
strated in Fig. 4. While the linear velocity v remains within
the feasible region, the angular velocity w is frequently
clipped at the imposed limits of £0.5 rad/s, particularly
during the turning phases of the trajectory. This confirms
that the computed optimal control policy strictly adheres
to the hard safety bounds defined in (23).

Fig. 5 illustrates the learning progression, indicating that
the estimated value function J and the critic weights W,
converge to stable values even under input saturation. This
robustness is further corroborated by Fig. 6, where the
Bellman residual error ¢ is driven toward zero, and the
Bellman multiplier \s reaches a steady state.

Finally, the dynamics of the constraint multipliers are
depicted in Fig. 7 and Fig. 8. The multipliers associated
with the angular velocity constraints (Fig. 8) exhibit sharp
increases coincident with the angular velocity reaching its
maximum or minimum limits. This dynamic activation
provides evidence that the proposed primal-dual update
law correctly identifies active constraints and adjusts the
control policy to satisfy inequality constraints while main-
taining optimality.

Crucially, these results highlight the algorithm’s capability
to simultaneously manage online learning and constraint
enforcement. It is evident that while the constraint multi-
pliers react aggressively to boundary violations to restore
feasibility, this dynamic intervention does not compromise
the stability of the critic learning process. The separation
of concerns inherent in the Lagrangian formulation allows
the critic weights to converge smoothly toward the optimal
parameters, even in the presence of active constraints and
fluctuating multipliers. This confirms that the proposed
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Fig. 2. Hard constrained control results: (a) Path tracking
performance, (b) x-position tracking,.
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Fig. 3. Hard constrained control results: (a) y-position
tracking, (b) Orientation (#) tracking (deg).
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Fig. 4. Constrained control inputs: (a) Linear velocity v
with active constraints, (b) Angular velocity w with
active constraints.
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Fig. 5. Learning performance under hard constraints: (a)

Estimated Cost Function .J, (b) Convergence of Critic
Neural Network weights W..

method effectively balances the dual objectives of safety
assurance and optimality learning within a unified real-
time framework.

5. CONCLUSION

This paper presented a online constrained reinforcement
learning framework for the optimal tracking control of con-
strained nonlinear systems, addressing the limitations of
conventional unconstrained minimization strategies. The
core contribution of this work lies in the reformulation
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Fig. 6. Optimization performance under hard constraints:
(a) Bellman residual error dy, (b) Bellman residual
multiplier As.
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Fig. 7. Constraint multipliers dynamics under hard con-
straints: (a) Multiplier A1, (b) Multiplier As.
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Fig. 8. Constraint multipliers dynamics under hard con-
straints: (a) Multiplier Az, (b) Multiplier A4.

of the Bellman optimality equation as a constrained op-
timization problem where the control policy and value
function are treated as joint decision variables. Crucially,
this framework allows for the explicit incorporation of sys-
tem constraints directly into the learning process, ensuring
physical realizability. To solve this problem, a Lagrangian-
based primal-dual scheme is utilized to iteratively derive
the Karush-Kuhn-Tucker solution, guaranteeing strict con-
straint satisfaction alongside learning stability. Experi-
mental validation on a differential-wheeled mobile robot
demonstrated the practical efficacy of the proposed ap-
proach, where the controller successfully enforced hard
actuator limits during complex maneuvers while ensuring
the stable convergence of the value function. Future re-
search will focus on enhancing the framework’s robustness
against stochastic disturbances and dynamic obstacles
in unstructured environments. Additionally, the proposed
methodology will be extended to multi-agent systems to
address distributed control problems involving complex
task allocation and coordination.
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