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Constrained Optimization-Based Neuro-Adaptive Control (CONAC)

for Unknown Systems Under Multiple Convex Input Constraints

Abstract—This study presents a constrained optimization-
based neuro-adaptive control (CONAC) for a class of unknown
multi-input-multi-output (MIMO) systems subject to multiple
convex input constraints. A deep neural network (DNN) is
employed to approximate the ideal control law while handling
multiple convex input constraints within a unified constrained
optimization framework. The adaptive variables, including the
DNN weights and Lagrange multipliers, are updated through
adaptation law derived from the formulated constrained opti-
mization problem, yielding Karush-Kuhn-Tucker (KKT) opti-
mality conditions at equilibrium. The controller’s stability is
rigorously analyzed using Lyapunov theory, establishing the
uniform ultimate boundedness (UUB) of the tracking errors and
adaptive variables. The proposed controller is compared with
existing methods through real-time experiments on a 2-degree-
of-freedom (DOF) robotic manipulator, highlighting its superior
capability to handle input constraints and its feasibility in real-
time implementation.

Index Terms—Neuro-adaptive control, constrained optimiza-
tion, deep neural network, multiple convex input constraints.

I. INTRODUCTION
A. Background

ANY control systems are constrained by various safety

requirements, actuator limitations, and physical restric-
tions [1]. These constraints often manifest as convex input
constraints, which can be in the form of nonlinear constraints
rather than the element-wise (symmetric or asymmetric) con-
straints that limit each input independently, i.e., u; < u; < 4;,
Vi € {1,---,n}, where u;,w; € R denote the lower and upper
bounds of the ¢th input u;, respectively. For example, under
road friction limits, the admissible global force and moment
of vehicles can be characterized by a weighted norm bound,
which yields a convex ellipsoidal constraint [2]. In motor drive
systems, the feasible voltage region is often represented by
circular [3] or hexagonal sets [4]. Furthermore, admissible
input sets may be determined by multiple constraints that
must hold simultaneously, such as element-wise constraints
combined with norm constraints, which can be represented as
the intersection of convex sets. Therefore, addressing these
multiple convex input constraints is crucial for ensuring the
safety and reliability of control systems in real-world applica-
tions.

In parallel, control systems often involve uncertain or even
unknown dynamics due to modeling errors, unmodeled dy-
namics, and external disturbances. Although adaptive control
provides a systematic mechanism for online adaptation of
controllers [5], conventional formulations often rely on struc-
tural assumptions about the uncertain or unknown dynamics,
which may not be available in practice. Neuro-adaptive control
(NAC) alleviates this assumption by using neural networks
(NNs) to approximate the dynamics in a structured and

parameterized representation [6], [7]. Like adaptive control,
NAC methods ensure closed-loop stability using Lyapunov
theory, and the NN weights are adapted online without prior
knowledge of the system. The NAC methods have shown
promising results in various real-world applications, including
vehicle control [8] and flexible robotic manipulators [9].

Because multiple convex input constraints and uncertain or
unknown dynamics often coexist in real-world applications,
incorporating multiple input constraint handling into NAC is
essential. This motivates a review of existing input constraint
handling methods in NAC and related constrained control
frameworks.

B. Literature Review

In Table I, we summarize input constraint handling methods
reported in the literature, which can be broadly categorized
into structural methods and optimization-based methods. In
subsequent subsections, these methods are reviewed, highlight-
ing their advantages and limitations. Additionally, the input
constraints also referred to as input saturation to broadly refer
to limitations imposed on the control input.

1) Structural Methods for Input Constraint Handling in
NAC: Since the NAC framework is based on Lyapunov theory,
input constraints have been primarily handled using structural
methods in the NAC literature. In [1], Ji e al. categorized the
literature on the structural methods into two strategies: anti-
saturation design and direct design. We review these strategies
in the context of NAC.

In anti-saturation design, a virtual auxiliary system is mainly
constructed to compensate for the effects of input saturation
[9]-[23]. Owing to their high compatibility, auxiliary systems
have been adopted in various control designs. For example,
auxiliary systems have been incorporated into backstepping-
based NAC [15] and sliding mode control (SMC)-based NAC
[10] to mitigate the effects of input saturation. Furthermore,
the auxiliary systems have been integrated into reinforcement
learning (RL)-based NAC designs [9] and barrier Lyapunov
function (BLF)-based NAC designs [11]. To achieve finite-
time or fixed-time convergence, novel finite-time [12] or fixed-
time [13], [14] auxiliary systems have been proposed.

Generally, when the control input reaches the saturation
limit, the auxiliary system is excited, and the auxiliary state is
fed back into the control law as additional compensation terms.
However, from a learning perspective, if the auxiliary state is
not incorporated into the feedback error used in the adaptation
law, the NN weights may generate excessive control input to
achieve the desired tracking performance, since the saturation
effect is not considered in the adaptation process. Therefore,
the auxiliary state is often considered in the adaptation law
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TABLE I: Comparison of input-constraint handling approaches.

Structural Methods

Optimization-Based Methods

Proposed Approach

Representative Auxiliary system design [9]-[23],

literature Smooth approximation of saturation [24]-[26]

MPC [30]-[36],
CBF-QP filter [37]-[39]

Preliminary works of this study
[3], [40]

Stability analysis Lyapunov-based stability guarantees

Conditions on feasibility and

Lyapunov-based stability guarantees

related assumptions required

Input constraints Primarily element-wise

handling capability (symmetric or asymmetric) input constraints

General input constraints

Multiple convex input constraints

(convex/non-convex constraints)

. Continuous adaptation
Implementation .
(typically Lyapunov-based)

Optimization at each time step

Continuous adaptation
(constrained optimization-based)

C tational
omputationa Typically low
burden

Problem-d dent
roblem-dependen Typically low

(may require iterative solvers)

[13]-[19]. This ensures that the NN weights adapt not only for
approximating the ideal control law but also for compensating
for the effect of input saturation.

On the other hand, in direct design, the saturation effects are
directly incorporated into the controller design and stability
analysis. Typically, the saturation function is approximated
by a smooth function, such as tanh(-), and the mean value
theorem is used to transform it into affine form [24]-[26].
However, as reported in [27], the smooth approximation of the
saturation function may introduce conservative behavior and
performance degradation, especially when the control input is
close to the saturation limit, compared to the auxiliary system-
based anti-saturation design.

Another approach can be found in reinforcement learning
(RL)-based NAC [28], [29]. The input saturation is handled
by introducing a nonquadratic input cost into the infinite-
horizon optimal control problem, which is solved using adap-
tive dynamic programming (ADP). Within the resulting ADP
framework, the optimal cost function is approximated by a
critic neural network (CNN), and the optimal control law is
derived from the Hamilton-Jacobi-Isaacs (HJI) equation or
the Hamilton-Jacobi-Bellman (HJB) equation. Owing to the
nonquadratic input cost, the resulting optimal control law is
based on tanh(-) and satisfies asymmetric or symmetric input
bounds.

Despite their effectiveness, the aforementioned structural
methods are limited to element-wise input constraints, such
as symmetric or asymmetric bounds on each input. Thus,
extending them to admissible input sets described by multiple
convex constraints is not straightforward.

2) Optimization-Based Methods for Input Constraint Han-
dling: Besides structural methods, optimization-based meth-
ods have been studied for constraint handling across a broad
range of control design frameworks. These methods compute
the control input by solving constrained optimization problems
at each time step, as in model predictive control (MPC)
[30]-[36] and control barrier function (CBF)-based quadratic
programming (QP) filters [37]-[39]. In these methods, the
constrained control problem is explicitly formulated as a con-
strained optimization problem. Therefore, complex nonlinear
(even non-convex) input constraints can be systematically
incorporated into the control design, which is a significant
advantage over the structural methods.

Even though they solve constrained optimization problems

at each time step, the computational burden may not necessar-
ily be significant for small-scale QPs or MPC problems with
short horizons and simple constraints. However, it can increase
substantially when multiple constraints must be handled simul-
taneously, nonlinear constraints are introduced, or the resulting
problem is non-convex. In this regard, some studies [34]-[36]
trained the optimal constrained control policy offline using
deep NNs (DNNs) to reduce online computation.

Moreover, closed-loop stability guarantees generally rely
on additional analytical conditions specific to the selected
optimization framework. For MPC, these conditions com-
monly include recursive feasibility, appropriate terminal in-
gredients, sufficiently long prediction horizons, and computa-
tional tractability [30]. In addition to these conditions, model
accuracy is critical, thereby motivating robust [31], data-driven
[32], and learning-based MPC [33], [34] approaches. Model
accuracy is also crucial for CBF-QP filters, where the validity
of the safety guarantee depends on the accuracy of the system
dynamics used to formulate the barrier constraint. Accord-
ingly, neuro-adaptive system identifiers have been introduced
to construct the CBF-QP filters using approximated system
dynamics [39].

Although these approaches can provide stability or safety
guarantees under their stated assumptions, the guarantees typ-
ically depend on feasibility, prediction, or safety-critical filters
whose validity is affected by model accuracy, uncertainty
descriptions, data quality, and offline training coverage.

C. Motivation and Proposed Approach

Both structural and optimization-based methods are effec-
tive for input constraint handling, but they have comple-
mentary limitations, as summarized in Table I. Structural
methods offer Lyapunov-based stability guarantees and solver-
free computation, but they are limited in terms of the classes
of constraints they can accommodate. Optimization-based
methods can handle general constraints, but their closed-loop
stability guarantees are often tied to additional conditions and
iterative solvers may be required.

These observations motivate a unified NAC framework
in which more complex input constraints are incorporated
directly into the online adaptation law, as presented in the
previous work [3]. In the proposed CONAC framework, the
NAC problem is formulated as a constrained optimization
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problem in which multiple convex input constraints are im-
posed as inequality constraints. The constrained optimization
formulation is not used to solve a control allocation problem
at each time step; instead, it is used to derive continuous-
time adaptation law for the adaptive variables. Therefore,
the proposed framework combines the Lyapunov-based sta-
bility analysis of structural methods with the broader input-
constraint handling capability of optimization-based methods,
particularly for multiple convex input constraints.

D. Contributions

The main contributions of this study are:

e Any combination of convex input constraints can be
handled, thereby significantly extending the applicability
of the NAC to real-world systems with complex input
constraints;

o The adaptation law for adaptive variables, including the
DNN weights and the Lagrange multipliers, is system-
atically derived from the formulated constrained opti-
mization problem, and the Karush-Kuhn-Tucker (KKT)
optimality conditions are satisfied at an equilibrium of
the adaptation dynamics [41, Chap. 12, Thm. 12.1]; and

o The closed-loop stability under the proposed Constrained
Optimization-Based Neuro-Adaptive Control (CONAC)
is rigorously analyzed using Lyapunov theory, ensuring
the uniform ultimate boundedness (UUB) of the tracking
error and adaptive variables.

This study extends the preliminary work in [3], [40], which

introduced inequality constraints on the weight and input
norms within a constrained optimization framework for NAC
using single-hidden-layer NNs. In the present work, the same
framework is generalized to accommodate multiple convex
input constraints and extended to DNNs, while still ensuring
Lyapunov-based stability guarantees. Furthermore, unlike the
previous study, which was limited to numerical simulations,
the proposed CONAC is experimentally validated through real-
time implementation on a 2-degree-of-freedom (DOF) robotic
manipulator.
Notation: ® denotes the Kronecker product [42, Chap. 7,
Def. 7.1.2]. A vector and a matrix are denoted by x =
[a:i]ie{l,...)n} € R™ and A := [aij]ie{l)...)n}’je{lf..’m} S
R™ ™ respectively. The ith column of the matrix A €
R™™ is denoted by Col;(A). For the matrix A € R"*™,
vec(A) = (Coly(A)T,---,Col,,(A)T)T € R™ denotes
the vectorization of A. Finally, I,, denotes the n x n identity
matrix, and 0, »,,, denotes the n X m zero matrix. The operator
Projj(2)<o(v) denotes the projection of the direction v € R"
according to a convex set C(z) := {z € R":h(z) <0},
where h : R®™ — R is a convex function, following the
projection rule in [43, Appendix E, Eq. (E.4)].

E. Organization

The remainder of this paper is organized as follows. Sec-
tion II presents the target system and control objective. Sec-
tion III introduces the proposed CONAC, including the adapta-
tion law for adaptive variables. Section IV analyzes the closed-
loop stability. Section V presents a real-time implementation

of CONAC on a 2-DOF robotic manipulator, compares it with
existing methods, and discusses its advantages and limitations.
Finally, Section VI concludes the paper and discusses potential
future works.

II. PROBLEM FORMULATION

We consider an unknown multi-input multi-output (MIMO)
system modeled as

Lz = f(x) + B(z)sat(u), (1)

where x,u € R" denote the state and control input vec-
tors, respectively. The unknown system function and control
effectiveness matrix are denoted by f : R® — R” and
B : R*™ — R™", respectively, which are assumed to
be locally Lipschitz continuous. The saturation function is
denoted by sat : R — €, where £, C R™ is the convex
admissible input set.
The system (1) is subject to the following assumptions.

Assumption 1. The control effectiveness matrix B(x) is
nonsingular and bounded as bl, = B(z) =X bI,, where
b,b € Ry are unknown positive constants.

Assumption 2 ( [44, Assump. 1(b)]). There exists an un-
known positive function pg(x) R™ — Rsqg such that

1T (L B(x)~!) v < pg(z) |[v|?, Vv € R", and Yz € R™

Assumption 3. The convex admissible input set ), and
saturation function satisfy the following conditions:

1) The admissible input set §,, is defined by smooth convex
constraint functions ¢ : R" — R, Vj € L, as

Qu=jez {ueRr™: ci(u) < 0},

where I denotes the input constraint index set.
2) The origin lies in the interior of (), i.e.,

Cy‘(O) S _Q;L < 07

: Vjel,

where ¢ € Ry, Vj € 1, is known.
3) There exists a known constant u € R such that

Jof (llsat(w)ll) = u-

By Assumption 3, the saturation function sat(w) can rep-
resent any combination of multiple convex input constraints,
rather than simple element-wise constraints which are con-
ventionally considered in the NAC literature, as illustrated in
Fig. 1.

Additionally, the desired trajectory x4(t) : R>¢o — R” is
assumed to be given and satisfies the following assumption.

Assumption 4. The desired trajectory xq := x4(t) is suffi-
ciently smooth, and x4 and %wd are bounded.

The control objective is to design a NAC for the unknown
system (1) such that x tracks the desired trajectory x4,
the multiple convex input constraints defined by sat(:) are
satisfied, and closed-loop stability is guaranteed.
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(a) Conventional input constraints.

Fig. 1: Comparison of conventionally considered input con-
straints in the NAC literature and the proposed multiple convex
input constraints.

Constrained Optimization-Based Neuro-Adaptive Control (CONAC)
T4

DNN input vector Zp,

System
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Deep Neural Network
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(DNN weights & Lagrange multipliers)

u = P®(x,,;0)(12)
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LA =Projy 5o (Bjcy), Viel

State feedback @

Fig. 2: Overall architecture of the proposed CONAC.

III. PROPOSED CONAC FRAMEWORK

The architecture of the proposed CONAC consists of a DNN
that functions as a NAC and an adaptation process for the
adaptive variables such as the DNN weights and Lagrange
multipliers, as illustrated in Fig. 2. Before presenting CONAC,
we first review some preliminaries in Section III-A. Then,
the controller is presented in Section III-B along with the
adaptation law in Section III-C.

A. Preliminaries

The following proposition will be used in the subsequent
sections:

Proposition 1 ( [42, Prop. 7.1.9]). For a matrix A € R"*™
and a vector b € R", the following property holds:

ATb=vec(A"b) =vec(b' A) = (I, @b )vec(A). (2)

We review the DNN structure and its approximation capabil-
ity, which are essential for the subsequent controller design and
stability analysis. According to the universal approximation
property [7], the DNN & : R+l x R® — R*+! can be

(b) Multiple convex input constraints.

Input layer Hidden layer

Output layer

Fig. 3: Example of the DNN ®(x,,;0) with k = 2,lj =
2,11 :lg :3, and l3 =2.

used to approximate any smooth unknown nonlinear function
g : Rlotl — RIk+1_ Specifically, there exists a DNN such that

®(z,,;0")|| =

llell =&,

3)
where x,,,, € Rl*! is the DNN input vector and 8* € R=
denotes the ideal DNN weights that minimize the approxima-
tion error € € R*+1. The DNN input vector x,, should be
designed to include all arguments of the unknown function
g. A compact set 2, ~ C RT! denotes the approximation
region of the DNN, which ensures the boundedness of 6 and
e, such that |§*|| <@ € R-g and ||€|| < € € Rsg. The DNN
®(x,,; 0) = Py, can be recursively defined as

o o J Wi @), i€ {l.. .k},
T W(—)rw’ﬂna ZZO,

where W; € READX41 and ¢, : R — R+ represent
the weight matrix and the activation function of the ith
layer for all ¢ € K, respectively, and K := {0,1,--- ,k}
denotes the index set of layers. The DNN &®(x,,,;0) has
k + 1 layers, where the input and output layers are indexed
by ¢ = 0 and ¢ = k, respectively, as illustrated by the
example in Fig. 3. The activation function is defined as
¢,(z) = (tanh(z),--- ,tanh(z,),1)" , for some z € R
We simplify the notations by vectorizing all weight matrices
as

sup  |lg(®nn) —

Tpn€ley,,

sup

Tnn Tnn

“4)

0; := vec(W;) e RUHDlr e |,

and, finally, stacking them as 6 := [6;],., € R=, where
= = Yiexc(li + 1)lit1. Additionally, like 6, there exists a
maximum norm bound for the weights of each layer 5: € Ryo,
such that [|0}]] < 8;, Vi € K.

The gradient of ®(x,,,,; @) with respect to 8 can be obtained
using Proposition 1 and the chain rule as follows:

P oP oP 0P -
8870 B 00, 00, 20, ERMHXE, - (5)
where
Ilk+l ® d);cra 1=k,
& | Wik, © ¢y, i=k—1,
00; ): : (6)

and ¢, := ¢;(®;_1) and ¢; := difil, for all i € K\ {0}.
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B. Controller Design

We define the tracking error as e = x — x4, and derive the
error dynamics from (1) as

(;ite = f(x) + B(x)sat(u) — %md. 7

Let us consider the Lyapunov function V, := e B™'(z)e.
Invoking Assumptions 2, the time derivative of V. can be
bounded as follows:

4v. Z%eT (%B_l) et+e B! (f + Bsat(u) —
<ps(x)|le|*+e ut+e' B! (f- 4

di®a)
wd) +e' Au,
®)
where the arguments of f(x) and B(x) are omitted for brevity
and Awu := sat(u) — u.
A desired control law ug such that the tracking error e is
stable in the absence of input saturation is selected as

(—f+&xq), O

where pI,, X P = P' < pI, for known positive constants

Bap € IR>O-
By substituting ug in (9) into (8), we have

ug:= —Pe — pg(x)e + B!

%VC <—e'Pe+e' (u—uy) +e' Au (10)

<—pllef*+e (u—uq) +eAu,

Notably, in the ideal case, i.e., v = ug and Au = 0, the
tracking error e asymptotically converges to zero with decay
& (lelP) < $ve < —pllell®

Since the 1deal control law (9) contains unknown functions
pp(x), f and B, we employ the DNN ®(z,,;0) in (4) to
approximate the ideal control law as follows:

D(2pn;0") +e=—e— P! (pg(w)e + B_l(f — %wd)) .

The DNN input vector x,,,, can be defined in various ways, as
long as it includes the arguments of the unknown functions.
In this formulation, we define the DNN input vector as x,,, =
(), Lx], xT, 1)T € R3*+1, Then, we have

rate pb since = b

ug = P(®(xnn;0%) + €). (11)
The actual control law is designed as
u:= P®(x,,;0), (12)

where @ € RZ denotes the estimated DNN weights.
By substituting (11) and (12) into (10), we have

4y, < —ple|? —|—eTP<<I’ 3 )—i—eTAu, (13)

where & := D (xpn; 5) and ®" :=®(x,,,,; 0™) are abbreviated.
C. Adaptation Law Derivation

The control objective defined in Section II can be formulated
as a constrained optimization problem, as follows:

min J(e;g) =le'e
0

1 (14a)

0;

N 2
subject to  ¢f(8;) = % (‘ - 9?) <0, Vie Kk, (14b)

ci(6) <0,

: Vi e T, (l4c)

where J (e;@) is the objective function. In the optimiza-
tion problem, inequality constraints of weight boundedness
}(0;), Vi € K, and input constraints c}(6), Vj € Z, are
imposed.

Specifically, the input constraints used in (14c) are the same
convex constraint functions that characterize the admissible
input set in Assumption 3. With a slight abuse of noiation,
the composed input constraints are denoted by c¥(6) :=
c}*(u(@)) i (P®(xnn; 0)), Vj € T, to explicitly represent
the dependence of the input constraints on the DNN weights
0. Additionally, all active constraints are assumed to satisfy
the Linear Independence Constraint Qualification (LICQ) to
avoid degeneracy [41, pp. 465—467].

The Lagrangian function L := L(e, 8, [0:]icx, Ajljez) is
defined as

L=J(€:0)+ Y ek 0ic?(0;) + X ez Aict(0),

where [0;];cx and [Aj]jcz denote the Lagrange multipliers
for the weight constraints (14b) and input constraints (14c),
respectively. Then, the primal-dual problem can be formulated
as follows:

5)

min  max  L(e, 8, [oi)ici, [N]jex)-
0 loiliex,[Nljez

(16)

The adaptation law for the adaptive variables, 0, [o:)ickcs
and [A;]jez, is derived to solve (16) by using a primal-
dual gradient update law, i.e., oL = d

d - _afL
59_ BTk

Proj,, o (8745 ), and A, = Projy 5o (B 9% ), as fol-
lows:

a%i

-~ dc
0= (% + e oibi+ Tier 58 ) (17)
C‘lita2 = Proj,,>o (ﬁece) , Vi e I, (17b)
EA]' = PI"OJMZO (ﬁj cj) , Vj e, (17¢)

where o € R denotes the adaptation gain (learning rate)
and £?, By € Rso, Vi € K, j € Z, denote the update rates of
the Lagrange multipliers. The Lagrange multipliers associated
with inequality constraints are kept non-negative, i.e., o;, A\; >
0, due to Proj()>(-) in (17b) and (17c).

When a constraint becomes violated, i.e., positive constraint
violation cf,cy > 0, the corresponding Lagrange multiplier
increases according to (17bl and (17¢), to address the vio-
lation by updating weight @ through (17a). Ultimately, the
Lagrange multiplier exhibits two distinct behaviors depending
on the constraint status: it either decreases to zero (e.g., via
a projection operator) when the constraint becomes inactive,
& c i " < 0, or converges to a positive value when the constraint

remains binding, ¢?, ¢j =0, to enforce the limit.

Remark 1 (Comparison with Existing Methods for Weight
Boundedness). Unlike projection-based methods that directly
restrict the adaptive weights to a prescribed set, or o-
modification and e-modification that continuously bias them
toward the origin [40], CONAC handles weight boundedness
through inequality constraints within the primal-dual adapta-
tion framework like the input constraints. The corresponding
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Algorithm 1 Proposed CONAC

1: Initialize: 5(0), a§0), Vi e K, A§O), Viel

2: for r =0 to oo do

3 Obtain 2™ and 2"

e « z(n — ZEEZT)

// Neuro-adaptive control law (Section III-B)
Define () from all arguments of u.”

u® — P&@):0") based on (12)
Apply u(™) to the system in (1)

// Update Adaptive Variables (Section 11I-C)
5;:; as defined in (5)

o(r ) y(T)

R P A

10.  Compute

11:  Compute ¢/

foralli e K,j €7
, Vi el

Ajm
~(r+1)
12:  Update g (TH) Vi € K, and )\ (r+1)

using (18), (17b) and (17c) respectlvely
13: end for

constraint term is only activated when the prescribed bound
is violated, thereby softly driving the weights toward the
admissible set without direct clipping or persistent origin-
directed bias.

Meanwhile, the adaptation law of 0 defined in (17a) in-
volves the partial derivative of the error with respect to the con-
trol input aTu ie., gg ((gz)(‘zg)) e= ((%)P(%))T
Since the objective function depends on the tracking error e of
a dynamic system, obtaining 3 De g not straightforward. Exact
computation methods, such as the forward sensitivity method
[40], [45], can be used in principle, but they require exact
knowledge of the system dynamics which is not available in
this study. On the other hand, several approximation methods
have been proposed [46], [47]. They approximate 8"‘ by taking
the sign of each entry of the control effectiveness matrix, i.e.,
ge ~ [slgn ”e - which corresponds to the MIT
rule in the context ot{ adaptlve control. However, since the
entry of the control effectiveness matrix B(x) is unknown
in this study, we instead approximate B(x) by its sign, i.e.,
g—z ~ sign(B(x)) = I,,, under Assumption 1. Consequently,
the adaptation law in (17a) becomes:

~ dc
49~ —a (g‘;’ Pe+ Y00+ cr ]89>. (18)

Additionally, the adaptation law (17) provides an optimal-
ity interpretation at equ111br1um At an equ111br1um of (17),
where d0 =0, dt = 0, and )\- = 0, the resulting
equlhbrlum condltlons correspond to KKT conditions, i.e.,
% =0, cl,c* <0, 05\, >0, and 0;¢/ = 0, and
gjcj =0, Vi € K,j5 € Z. Thus, the equilibria characterize
candidates for locally optimal solutions of the formulated
constrained optimization problem.

The proposed CONAC algorithm is presented in Algo-
rithm 1, implemented in a discrete-time controller, where (-("))
denotes the value at the rth time step.

IV. STABILITY ANALYSIS

In this section, the stability of the closed-loop system under
the proposed CONAC is analyzed. To facilitate the stability
analysis, we introduce the following lemmas.

Lemma 1 (Convexity of input constraints with respect to
Ok) The input constraint function c; (Bk) Vj € L, is convex

with respect to the output layer wezghts Ok, resulting in the

inequality -
~ Oc
C;-L (Hk) — a@k Gk

U

Proof. According to Proposition 1, the output of the DNN E
depends linearly on the output layer weights 6 as follows:

a~ T ~
® = Wk ¢)k = (Ilk+1 ®¢2) VeC(Wk) (Ilk+1 ®¢)k )

~ (19)
This implies that the control input uw = P® depends linearly
on 0. Therefore, the convexity of c“(e), vy € Z, with

respect to u is preserved with respect to Ok, due to the linear
dependence of u on Ok In addition, the convex1ty of ¢ (0)

act T

with respect to Ok implies ¢j (Ok) a@j 9 <
k

)5,
Additionally, since Hk = 0 implies u = P® =0, (i.e., output
layer weight is zero), we have c] }9 0 = —Q;—L < 0 by
Assumption 3, which concludes the proof O
Lemma 2 (Boundedness of Awu with respect to @k). The
saturation of control input Aw is bounded by 0y, as

A < 5y, + 1 Hg’“H

Proof. Since ¢, (-) employs the bounded activation function
|tanh(-)| < 1, we have

(Il < Ve +1, (20)
for any output of the preceding layers and @,,. Hence,

invoking the relation in (19), the control input u = P® is
bounded by 6y, as follows:

lul <7 & <pvi+1 0.

In addition, since there exists uw > 0 such that inf,g¢q,

(lsat(w)]|) = u by Assumption 3, we have ||Au| < ||u| —u,
while Au = 0 when u € . Thus, we have

|Au| < max {p\/zk 1 Hg"H —g,o} <p/lr + 1 Hékﬂ,
(22)

which concludes the proof. O

2L

Lemma 3. For any a,b € R>¢ and c € Ry, the following
inequality holds:

(a —b) Projazo(c) <
Proof. The inequality can be verified by considering the two
cases of ¢ > 0 and a = 0, as follows:
(a —b)e, ifa>0,
0, if a =0.

(a —b)c. (23)

(a—b) Pfojazo(c) = {

This implies that (a — b) Proj,>q(c) < (a — b)c always holds
and concludes the proof. O

435

436

437

438

439

440

441

442

443

444

445

446

447

448

449

450

451

452

453

454

455

456

457

458

459

460

461

462

464

465

466

467

468

469



470

471

472

473

474

475

476

477

478

479

480

481

482

483

484

485

486

487

488

489

490

491

492

493

494

495

496

497

498

499

500

501

502

503

504

505

506

The following theorem establishes the UUB of the tracking
error e, the DNN weights €, and the Lagrange multipliers
oi, Vi € K, and )\j, Vi el

Theorem 1. Consider the closed-loop system consisting of
(1), the control law (12), and the adaptation law (17). Suppose
that Assumptions 1—4 hold and the initial condition belongs
to the compact invariant set HIZ:O Se(Vy) constructed in (29)
and (34). Then, the tracking error e, the DNN weights 5, and
the Lagrange multipliers o;, Vi € K, and \;, Vj € I, are
uniformly ultimately bounded.

Proof. The proof is divided into two steps. We first analyze
the UBB of the tracking error e, the output-layer adaptive
variables, 6y, and oy, and the Lagrange multipliers associated
with the input constraints A;, Vj € Z. This step provides the
key boundedness result for the tracking error and the controller
output. In the following step, we analyze the remaining inner-
layer adaptive variables, 6, and o;, Vi € IC\ {k}.

Step 1: Boundedness of the tracking error, output-layer and
input-constraint adaptive variables.
Consider the following Lyapunov function

Vi(zr) = Vﬁﬁzewﬁig(oroz)uzjez 7\ (24)
T AT T T o :

0, 0%, [Aj]jez) and 0¢ € Roo will be
determined later. The Lyapunov function Vi := Vi(z) is
lower bounded and radially unbounded with respect to z. In
the following analysis, we consider the case where the output
layer weight constraint is violated, i.e., ck(ek) > 0. This
is because the boundedness of Bk directly follows when the
output layer weight constraint is not violated, i.e., cj, (Ok) <0.

The time derivative of V can be analyzed as follows:

LV, < —QHeH2 +e'P (&’ — P — e) +elAu

~T ~ ~T OcY
_O'kek Gk — ZjeI )‘jek 7351

where z; = (e

_ ok 3‘1’ Pe
h,—/
=3 Pe, see, (5), (19)
+2(ok — o)l (Ok) + 2 c7 Xt (0)
2
g—BHeHz—l—eTP(—‘I’*—e)+eTAu_JkH0kH
~ 112 -2
+ (ox — 0f) (HB’“H - 9k> — Djerhic)
N ——r’

see, Lemma 1

€)+e' Au

(25)

= plel +e P (- -
olla II? 72 0p>
— 0y HekH — O'kek + O'kek — Zjez)\jg?.
The projection operators in (17b) and (17c) are omitted
according to Lemma 3.

For the boundedness of 6} and €, we assume that @,
remains in the approximation region 2, which will be
ensured later in the proof. Hence, 0}, and € are bounded by
9k and €, respectlvely Similarly to the bound of 'I’ P i

bounded by Gk\/lk + 1.

Using Lemma 2, we can further analyze %Vk as follows:

—~ 12
$Vi < —pllel® - of |6 6)

+5llell (rvik+ 1 +e+ Vi1 [0)

> jez Nic)

For further analysis, we use Young’s inequality which states
ab < na* + £-b%, Va,b € R, € Rso. By applying Young’s
inequality to the third term in the right-hand side of (26), we

—2 —2

have
4V <= (p—m—m) el ~ (o~ 72+ 1) o
- ngi - ZjGI Ajgi @7)
+ s p(EVir +€>r + o}l
=:0,ER>0

where 71,72 € Ry and 0}, € Ry are arbitrarily chosen such
that p — 1, — 12 > 0 for given p, and 0 — 7=p*(lx +1) > 0,
respectively. a

This result implies that <

set defined by
TN\ T
Qk‘ = {Zk a (eT,Ok)

where a := min {B*Ul -

4n

4z Vk is negative outside the compact

2+b”(ak,[AJ—}}EZ)Tngak}, (28)

PPk + )} € Ryo

. 52 . .
and b := mm{ﬁk,mmjez {g}‘}} € R.g. Moreover, since
Vi is lower bounded and radially unbounded, there exists a
compact sublevel set

o
N2,0p — 4n

Sk(Vk) = {Zk Vi(zg) < Vk}, 29)

where V', € R is arbitrarily chosen such that Q;, C Sy, (V).
Because -V}, < 0 for all z), ¢ Q, 2z initialized in (V)
will remain in Sk(Vk)Afor all time and eventually enter (2.
Therefore, UBB of e, 8y, oy, and \;, Vj € Z, is ensured in
Sk(Vi).

In addition, the boundedness of zj; implies that x is
bounded, since e = £ — x4 and x4 is bounded by Assump-
tion 4. Therefore, since z; remains bounded in Sy (V%), all
components of x,, remain bounded, implying there exists
a compact approximation region {2, . This justifies the
boundedness of 8 and € used in this analysis.

Step 2: Boundedness of the inner-layer adaptive variables.

The remaining weights [0;];ci\ {1} and the Lagrange multi-
pliers [0];ex\ (&) are analyzed recursively from the (k — 1)th
layer to the input layer (« = 0). Specifically, for an arbitrary
layer index i € {0,--- ,k—1}, we assume that the subsequent
adaptive variables, 6;,1,0;11, - , 0k, 0k, have already beeAn
shown to be bounded, and then prove the boundedness of 6,
and o;.

Consider the Lyapunov function of the ith layer defined as

T
Vi(zi) = %0, 6; + g7 (0i a?)?, (30)
T T

where z; := <02 702-) and o7 € Ry will be determined in

the subsequent analysis. As in the analysis of V}, the weight
constraint c; (0 ) is assumed to be violated, and the projection
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operator in (17b) is omitted according to Lemma 3. Taking
the time derivative of V; yields

dvi< o o] -8 gj’ Pe 31)
=iz N 01 % P +2(0; — 09)c?(6,)
~ 12 ~ 12 9
< —0;10; +(O‘i—0'§)(‘0i —91>

~T 0% T del
9, (8;’ P <e + Y ez Aja—;)

:"yiE]REi

~

S_

||+a

To establish the boundedness of ~,, we note that: (i)
g; is bounded because the subsequent weights 01+1, .. 0k

are bounded under the recursive assumptlon (i) e, Bk, and

[Aj]jez are bounded by Step 1; and (iii) 8 is bounded over
the compact domain containing w, owing to the smoothness of
c() in Assumption 3 and the boundedness of u established
in (21). Therefore, there exists an unknown constant 7, € R+ ¢
such that ||v,|| < 7,.

Then by applymg Young s inequality to the coupled term,

ie., nyi, in (31), we have

2

~ —2
%Vig—(af—l)\ || o + 6,

(32)

where §; := 47, + 009 is a positive constant, and oy € R>0

is arbitrarily chosen such that 0y —1 > 0. As in Step 1, 3 tV
is negative outside the compact set defined by
~12
Q0 = {zi (09 — 1) ‘ 0, +0;|0:| < 51} .33

which implies the boundedness of @. and o;. Moreover, a
compact sublevel set S;(V;) of V; can be constructed such
that

= {zl :

where V; € Ry is arbitrarily chosen such that Q; C S;(V;).
Since LV; < 0 for all z; ¢ €, S;(V;) is positively
invariant. Together with the previously established invariance
of Siv1(Viy1),...,Sk(V}), this implies that any trajectory
initialized in Hé:i Si(Vy) = Sk(Vy) x - x 8;(V;) remains
in this set for all time.

By recursively applying the above analysis from ¢ = k — 1
to 1 = 0, the boundedness of the control system, including e,
0, and 0;, Vi € K, and \;, Vj € I, is established, which
concludes the proof.

() <V}, (34)

O

Additionally, we introduce the following remarks regarding
the initialization and the parameter tuning of CONAC.

Remark 2 (Initialization of CONAC). The invariant sublevel
set HIZ:() Se(Vy) used in the stability analysis depends on
unknown constants. Therefore, the exact admissible initial
domain cannot be computed explicitly. In practice, we rec-
ommend initializing; the system state x(0) close to the initial

reference state x4(0) to reduce the initial tracking error e(0);
DNN weights with small random values; and zero for the
Lagrange multipliers, [0;(0)]ick = 0 and [A;(0)]ez = O,
without constraint violations, to help ensure that the system
starts within H]Z:O Se(Vy).

Remark 3 (Initial Desired Trajectory Design). The initializa-
tion in Remark 2 helps prevent initial unstable behavior, which
generally results from poor initial performance of NAC due
to the randomly initialized DNN weights. With small random
weights, the initial control input is expected to be small,
thereby avoiding abrupt control actions. However, if the system
starts near an unstable or highly nonlinear operating region,
small random weights may result in unstable behavior or
slow adaptation. Hence, it is preferable to design the desired
trajectory such that the system starts in a sufficiently stable
operating region (e.g., near the stable equilibrium point), and
use a conservative desired trajectory during an initial warm-
up phase, as introduced in [3].

Remark 4 (Tuning of CONAC Parameters). The adaptation
gain « and the multiplier update rates Bf and ,3; affect the
transient behavior of CONAC. The gain « determines the
overall update speed of the DNN weights. A large o may
improve the initial learning response but can also induce
overshooting or oscillatory behavior, resulting in failure to
learn the ideal weights. Conversely, an excessively small o
may lead to slow adaptation and poor transient tracking
performance. The update rates ﬁf and [} determine how
rapidly the Lagrange multipliers respond to weight and input
constraint violations, respectively. Larger values accelerate
the enforcement of the corresponding constraints by increasing
the multiplier response when a violation occurs. However,
excessively large update rates may introduce abrupt changes
in the adaptation law, leading to chattering or high-frequency
oscillations in the control input on the constraint boundary.

Therefore, «, 55, and B}L should be selected to balance
learning speed, prompt constraint enforcement, and smooth
closed-loop behavior. The effect of the input constraint multi-
plier update rate 3} is evaluated in the parametric study in
Section V-B.

V. VALIDATIONS

A. Validation Setup

To validate the proposed CONAC, a real-time experiment
was conducted on a two-link robotic manipulator, as shown in
Fig. 4. The OpenCR1.0 board [48] with a 32-bit ARM Cortex
processor and a 216 MHz clock frequency was used as the
microcontroller unit (MCU). The two-link robotic manipulator
was actuated by two Cubemars AK10-90 servo motors. The
servos were controlled using the MCU, which transmits the
torque reference to the corresponding servo via controller area
network (CAN) communication at a sampling rate of 500 Hz
using a PCAN-USB interface. The system parameters and
the schematic diagram are shown in Table II and Fig. 5a,
respectively.
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The two-link robotic manipulator dynamics are described
by the following Euler-Lagrange equation:

M(q) &g+ Clg, L9) L q + G(q) = sat(7),
)T

(35)

where ¢ = (q1,¢2 € R? is the joint angle vector,
7:=(m1,72)" €R2is the joint torque vector, M(q) € R2*2
is the inertia matrix, C(q, & q) € R?*? is the Coriolis matrix,
and G(q) € R? is the gravity vector. The inertia matrix
M (q) whose inverse is the control effectiveness matrix, is
a symmetric positive-definite matrix according to the physical
properties of Euler-Lagrange equation, [1, Lemma 3.1].

To apply CONAC, the system was reformulated into
the first-order dynamics form in (1) by defining the state
as x = %q + Ag, and the control input as u :=
T, where A € R?*2 js a positive definite matrix, and
f:=M"(q) (-Clq, £9)$q— G(q)) + Aq. and B :=
M~ '(q). Moreover, the DNN input vector was defined as

ki
2 .
Lpn = ((q - qd)T7 %(q - qd)Tv dd?q;7 1) , since f7 B
and %wd in (12) are functions of q, q4, %q, %qd and %qd.
The input saturation sat(7) was defined as follows:

sign(m1)71
sign(7)7a )’

if "7’2| > T9 and |T1‘ > T

sat(T) = { (r1,sign(m2)72) ", if |ro| > 72 and |7| <7
ﬁT’ if |72| <72 and ||7|| >7T
T, otherwise,

(36)
where 7o = 3.8Nm, 7; = 10.32Nm and 7 = 11 Num,
as illustrated in Fig. 5b. The saturation function can be
decomposed into three convex input constraints, which can
be physically interpreted as the upper and lower torque limit
of the second joint and the power source limit, respectively,
and are denoted by

4, (T) 1= 1o =T, &7 (T) = —To—T2, ¢HT) = l7||* —72.

(37)
Accordingly, the input constraint index set is defined as 7 =
{?27I2,?}"

The satisfaction of the LICQ of the considered constraints
in (37) is analyzed. First, the gradient of the upper and lower
torque limit constraints cz, and c7 are derived as follows:

der A 9(PB) (o) 0% . <o>
T2 — T2 =— P . (38)
00 00 00 1 00 1

Next, the gradient of the power source limit constraint c is
derived as follows:

“ T ~_ T ~T
Oz _ 01 _OP®) g 9% pTips (39
00 00 90 00

Since the upper and lower torque limit constraints are not
active simultaneously, the gradients of the active constraints
are linearly independent, satisfying the LICQ condition.

The desired trajectory comprised 4 segments that move the
system from q;o) = (—600,600)T to qg) = (45°,-90°),
then to qff) = (7450,45°)T, back to qgls) = ql(il), and

(0)

finally to the initial position g do , as illustrated in Fig. 6. Each

X 2
ll Voltage Source

Fig. 4: Experimental setup of the two-link robotic manipulator
used for real-time validation.

my, Iy

P

- —2
cpu) =||7|* ~7

(a) Schematic diagram of the two-link
robotic manipulator.

(b) Considered input Saturation.

Fig. 5: The two-link robotic manipulator and the considered
input saturation.

segment was designed using a quintic (5th-order) polynomial
trajectory to ensure the smoothness of the desired trajectory,
with zero initial and final velocities. The time duration of
the segments was defined as 2s. To demonstrate the learning
capability of the DNN, the desired trajectory was applied
twice, referred to as Episode 1 and Episode 2, respectively.

As discussed in Remark 3, a warm-up phase was introduced
prior to applying the desired trajectory to avoid the instability
caused by the initial poor performance of the DNN. In the
warm-up phase, the manipulator was initially positioned at a
stable equilibrium point, denoted as q,°"™" := (—90°, OO)T ,
and remained at this position for 3 s. Subsequently, a conserva-
tive desired trajectory was applied to gently excite the system,
which was designed as a quintic polynomial trajectory that
moves the system from g,°"#" to q((jo) in 3s, followed by a
constant reference that holds the system at q((io) for the next
8s.

For a comparative analysis, four controllers were imple-
mented, with their properties summarized in Table III. In the
comparative study, optimization-based methods, such as MPC
and CBF-QP, were not included because the focus is on NAC
methods that handle input constraints. This choice isolates
the proposed contribution, namely the integration of multiple
convex input constraints into the online adaptation law of
NAC while retaining a Lyapunov-based stability analysis. In
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TABLE II: Two-link robotic manipulator’s parameters.

Symbol  Description Value
mi,ma Mass of the links 2.465 kg
l1,l2 Length of the links 0.2m
letsleo Length to the center of mass 0.139m
I, I Inertia of the links 0.069 kg m?>

A 1 o °
o\ g =gy = (45°,-90°)
h: 25 i \
D o > 95 2s 2
\g’ D2 A
! ) =i(~45°,45°)
O O i
v
q! = (-60°,60°)

Fig. 6: The desired trajectory in Episode 1 and Episode 2.

addition, among the structural methods, the auxiliary system-
based NAC was included as a comparative controller, since
it has better input constraint handling capability than smooth
approximation methods [27].

Controller 1 (C1)—Proposed CONAC: To handle all im-
posed input saturation, the proposed CONAC was imple-
mented with the torque limit constraints ¢, and c“ for the
second link, and the power source limit constramt c2 (deﬁned
in (37)), allowing the controller to fully utilize the authority
of the actuator. As described in (12), the input (torque)
corresponds to the output of the DNN, and the adaptation
law is defined in (17). All parameters of (C;) are listed in
Table III.

Controller 2 (Cy)—Proposed CONAC with small update
rate 33, V\;, Vj € I: For the parametric study on 3} men-
tioned in Remark 4, the proposed CONAC was implemented
with the same input constraints as in (C;), but with smaller
update rates for the input constraints, as listed in Table III. All
other properties and parameters were kept identical to those
of (Cl)

Controller 3 (C3)—NAC with auxiliary system: As a base-
line for comparison in handling input constraints in NAC, the
auxiliary system used in [14], [18], [19] was adopted. It should
be noted that the auxiliary system is limited to handling only
the element-wise input bound constraints. The auxiliary system
is defined by

D¢ =AcC+BeAcr, ((0) =02y, (40)
where ¢ € R? denotes the auxiliary state which is initialized to
zero, A¢ € R?*? is a stable matrix, B € R?*? is a gain ma-
trix, and Ae7; := 7, — max{min{r;, 7;}, —7;}, Vi € {1,2}.
It is notable that A.7 is defined as the element-wise input
overflow, which is different from the actual input saturation
Aw in (8). The auxiliary state was used in the adaptation law
(18), by substituting the tracking error e with the auxiliary
error e := e + (. The parameters of the auxiliary system
were chosen to balance the responsiveness to input overflow
with the convergence speed of the auxiliary dynamics, as listed

TABLE III: Controllers and parameters used for comparative
analysis.

Description and parameters

Proposed CONAC

Input constraint

T2 <13 < To,

[(C_l)] B = BY =1000, 8% = 100, IIIII <7
6; =15,8% = 1,vi € {0,1,2}, (T2 =3.8,7=1D1
(Ca) Proposed CONAC (smaller 3;)
[ ,8%2 = ;2 = 50, B¢ = 10, same as (C1)
Others: same as (Cq)
NAC with auxiliary system
(Cs) [14], [1?], [19] *fl <n < fl,
[ A = diag(—120, —100), —T2 <71 < T2,
B¢ = diag(5 x 103,5 x 103), (T1 =10.32,72 = 3.8)
0, =159 =1,vi € {0,1,2}
(C4) NAC without input constraints [7]

not considered

[=] 6=15

DNN and other parameters for all controllers: a = 0.2, P = I3,

2 T .
wnn:<(q Qd)—rv (?t (q qd)T7 c?tQ q:ir71> 7A:dlag(6713)7
lo=6,11 = 4,1 = 4,13 = 2,0(0) ~ U([—0.5,0.5]F)

in Table III. All other properties and parameters were kept the
same as in (Cy) and (C»).

Controller 4 (C4)—NAC without input constraints: The
fourth controller, adopted from [7], does not handle input
constraints. The controller structure is identical to (C1)—(Cj3),
except that the input constraints were removed and weight
boundedness was handled using the projection operator, as
follows:

—~ =T
dp _ : o®
39 = PI‘O‘]”’G*”S@ (—0465 Pe) . (41)
The weight norm bound was set to § = 15.
For all controllers, the remaining parameters, including

the DNN architecture, were kept identical to ensure a fair
comparison, as listed in Table III. Specifically, the architecture
of the DNNs are empirically chosen considering the approx-
imation capability and computational efficiency. The DNN
weights were initialized with small random values according
to 6(0) ~ U([-0.5,0.5]%), where U(-) denotes a uniform
random distribution, invoking Remark 2.

B. Validation Results

1) Tracking and Adaptation Performance: The real-time
implementation results are illustrated in Fig. 7. As shown in
Fig. 7a and Fig. 7b, all controllers, except (Cy4), tracked the
desired trajectory with their tracking performance improving
from Episode 1 to Episode 2. It should be noted that, due
to the input saturation effect, the tracking performance of all
controllers is limited. A quantitative comparison is summa-
rized in Fig. 8, using the root mean square error (RMSE) of
the tracking error for each joint angle during 2 episodes. As
shown in Fig. 8, all controllers, except (C4), improved their
tracking performance from Episode 1 to Episode 2 by around
25% and 70% for the first and second joint angles, respectively,
demonstrating the adaptation capability of the DNN.
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Remarkably, the proposed CONAC (C;) and (C2) demon-
strated superior tracking performance compared to the other
controllers. This is because (C3) could not fully utilize the
actuator authority due to the auxiliary system design, which
will be discussed in detail in Section V-B2. For (C,), since
it does not consider the input saturation in the adaptation
process, the DNN weights were continuously increased in
an attempt to reduce the tracking error, even though the
corresponding control input could not be realized by the
saturated actuators. Consequently, the DNN weights exhibited
persistent growth rather than convergence as shown in Fig. 7f,
which may eventually lead to parameter drift or unbounded

(f) Norm of DNN weights ;.

1, (C3) [==1, (C4) [=], and desired trajectory q, [===].

weight growth and is therefore undesirable.

2) Constraint Handling Performance: In this section, the
constraint-handling performance of the controllers is ana-
lyzed. For a detailed analysis, we focus on the time interval
[26.6,27.3s] of Episode 2 which is highlighted by the green
dashed lines in Fig. 7, where the difference in the considered
input constraints among the controllers is most pronounced. As
shown in Fig. 9a, the tracking errors of all controllers were
observed to be increased due to the input saturation effect,
but (C;) and (Cs) exhibited smaller tracking errors compared
to (C3) and (Cy4). In Fig. 9b, the commanded control inputs
of (C1) and (Cs) were observed to properly handle the input
constraints, using the full authority of the actuator. In contrast,
the commanded control input of (C3) was saturated at the box
constraints, which is attributed to the design of the auxiliary
system that only constrains the element-wise input overflow,
rather than the actual input saturation, as illustrated in Fig. 10.
Finally, the commanded control input of (C4) was observed to
exceed the input limits, which is expected since (C4) does not
consider input constraints in its adaptation process.

The parametric study of the Lagrange multiplier update rates
is conducted by comparing (C;) and (Cs), focusing on the
multiplier associated with the power source limit constraint
Az. In Fig. 9¢, A+ of (Cy) and (C;3) was observed to be non-
zero, indicating that the power source limit constraint was
active and enforced during this time interval. Specifically, the
Lagrange multiplier A+ of (C;), which had a larger update rate,
repeatedly grew and decayed, while that of (Cs) remained rela-

777

778
779
780
781
782
783
784
785
786
787
788
789
790
791
792
793
794
795

796

797
798
799
800
801
802
803

804



805

806

807

808

809

810

811

812

813

G2 — Qi / deg

|

|

|

-50 -40 -30 -20 -10 0
q1 — qay / deg

(a) Trajectory of the tracking error of each joint angle g during the time
interval [26.6,27.3s].

18 20 22
71/ Nm

75 / Nm

10 10.5 11 11.5 12 12.5 13
71 / Nm

(b) Trajectory of the commanded control input 7T during the time interval
[26.6,27.3s].

-.1"fﬂ/‘\rﬂ‘ﬂ,ﬂrh!ﬂ[ﬂ‘fn [(\If‘- fq\ﬂjf\ /f‘}

10°

26.7 26.8 26.9 27 27.1 27.2
Time /s

26.6 27.3

(c) Lagrange multiplier associated with the power source limit constraint for
(C1) and (C2) during the time interval [26.6,27.3s].
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control input, and Lagrange multiplier A+ during the time
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Fig. 10: Considered input saturation in (C;), (Cs), and (Cs).
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tively constant. Consequently, a larger update rate 8% provides
a faster response to the input constraint but induces greater
oscillations in the Lagrange multiplier, whereas a smaller
update rate yields smoother but less responsive constraint
enforcement. This result confirms the trade-off discussed in
Remark 4.

Additionally, the nearly constant value of A+ in Fig. 9c and
the small oscillations of c% in Fig. 9b of (Cz) suggest that the
adaptation dynamics remain near an equilibrium characterized
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Fig. 11: Computation time of (C;) [===], (C3) [
[==1], and (C4) [===] on the OpenCR1.0 board.

1. (C3)

by a nonzero Lagrange multiplier. This behavior is qualita-
tively consistent with the KKT-like optimality conditions dis-
cussed in Section III-C, according to which, at an equilibrium,
the positive Lagrange multiplier A+ is associated with active
constraint satisfying ¢ = 0 through the complementary slack-
ness relation Azc¥* = 0. Although the adaptation dynamics do
not converge exactly to a stationary KKT equilibrium because
of the practical limitations in the real-time implementation,
the observed behavior can be interpreted as a near-equilibrium
behavior.

3) Feasibility of CONAC in Real-Time Implementation:
The feasibility of the real-time implementation is analyzed
in terms of the computation time. As shown in Fig. 11, the
computation time of all controllers is consistently below the
sampling time of 500 ps, confirming the feasibility of real-
time implementation at a sampling frequency of 500 Hz (2 ms
maximum sampling time). This is attributed to the fact that the
proposed CONAC does not require solving an optimization
problem at each time step, but rather continuously adapts the
adaptive variables to solve the optimization problem in an
online manner.

C. Discussion on the Advantages and Limitations of CONAC

In the validations, we demonstrated that CONAC can handle
multiple convex input constraints simultaneously, while the
other NAC methods failed to do so. However, it is important
to note that the proposed CONAC is only able to handle the
constraints in soft manner, meaning that the constraints may
be violated during the adaptation process. One may impose a
conservative constraint considering the potential violation of
the constraints, but this may lead to a suboptimal solution. In
safety perspective, some constraints must be satisfied without
violation in operation time. Consequently, extension of the
proposed CONAC to incorporate hard constraints remains an
important direction for future work.

D. Video Demonstration

A supplementary video demonstrating the experimental re-
sults is provided with this paper.

VI. CONCLUSION

This paper proposed CONAC for unknown MIMO systems,
addressing multiple convex input constraints within a unified
constrained optimization framework. The adaptation law was
derived from the constrained optimization problem, which
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was formulated to minimize the tracking error while satis-
fying the multiple convex input constraints. The stability of
CONAC was analyzed using Lyapunov theory, demonstrating
the boundedness of the tracking errors and adaptive variables,
including the DNN weights and Lagrange multipliers. By
deriving adaptation law from the constrained optimization
problem, CONAC ensured weight convergence in accordance
with the KKT optimality conditions, thereby ensuring both
stability and optimality.

Real-time implementation demonstrated the capability of
CONAC in handling multiple convex input constraints si-
multaneously, while achieving superior tracking performance
compared to other NAC methods. Moreover, the parametric
study revealed the effect of the update rates of the Lagrange
multipliers on the enforcement of input constraints. In addi-
tion, the experiments validated the feasibility of CONAC in
real-time implementation.

Future work may extend this approach to handle hard
constraints, such as state constraints, in addition to input
constraints. Moreover, by incorporating reinforcement learn-
ing into the optimization problem formulation and deriving
adaptation law that explicitly accounts for disturbances, the
proposed CONAC framework could be extended to infinite-
horizon optimal control problems while further enhancing its
robustness.
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