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Constrained Optimization-Based Neuro-Adaptive Control (CONAC)

for Unknown Systems Under Multiple Convex Input Constraints

Abstract—This study presents a constrained optimization-1

based neuro-adaptive control (CONAC) for a class of unknown2

multi-input-multi-output (MIMO) systems subject to multiple3

convex input constraints. A deep neural network (DNN) is4

employed to approximate the ideal control law while handling5

multiple convex input constraints within a unified constrained6

optimization framework. The adaptive variables, including the7

DNN weights and Lagrange multipliers, are updated through8

adaptation law derived from the formulated constrained opti-9

mization problem, yielding Karush-Kuhn-Tucker (KKT) opti-10

mality conditions at equilibrium. The controller’s stability is11

rigorously analyzed using Lyapunov theory, establishing the12

uniform ultimate boundedness (UUB) of the tracking errors and13

adaptive variables. The proposed controller is compared with14

existing methods through real-time experiments on a 2-degree-15

of-freedom (DOF) robotic manipulator, highlighting its superior16

capability to handle input constraints and its feasibility in real-17

time implementation.18

Index Terms—Neuro-adaptive control, constrained optimiza-19

tion, deep neural network, multiple convex input constraints.20

I. INTRODUCTION21

A. Background22

MANY control systems are constrained by various safety23

requirements, actuator limitations, and physical restric-24

tions [1]. These constraints often manifest as convex input25

constraints, which can be in the form of nonlinear constraints26

rather than the element-wise (symmetric or asymmetric) con-27

straints that limit each input independently, i.e., ui ≤ ui ≤ ui,28

∀i ∈ {1, · · · , n}, where ui, ui ∈ R denote the lower and upper29

bounds of the ith input ui, respectively. For example, under30

road friction limits, the admissible global force and moment31

of vehicles can be characterized by a weighted norm bound,32

which yields a convex ellipsoidal constraint [2]. In motor drive33

systems, the feasible voltage region is often represented by34

circular [3] or hexagonal sets [4]. Furthermore, admissible35

input sets may be determined by multiple constraints that36

must hold simultaneously, such as element-wise constraints37

combined with norm constraints, which can be represented as38

the intersection of convex sets. Therefore, addressing these39

multiple convex input constraints is crucial for ensuring the40

safety and reliability of control systems in real-world applica-41

tions.42

In parallel, control systems often involve uncertain or even43

unknown dynamics due to modeling errors, unmodeled dy-44

namics, and external disturbances. Although adaptive control45

provides a systematic mechanism for online adaptation of46

controllers [5], conventional formulations often rely on struc-47

tural assumptions about the uncertain or unknown dynamics,48

which may not be available in practice. Neuro-adaptive control49

(NAC) alleviates this assumption by using neural networks50

(NNs) to approximate the dynamics in a structured and51

parameterized representation [6], [7]. Like adaptive control, 52

NAC methods ensure closed-loop stability using Lyapunov 53

theory, and the NN weights are adapted online without prior 54

knowledge of the system. The NAC methods have shown 55

promising results in various real-world applications, including 56

vehicle control [8] and flexible robotic manipulators [9]. 57

Because multiple convex input constraints and uncertain or 58

unknown dynamics often coexist in real-world applications, 59

incorporating multiple input constraint handling into NAC is 60

essential. This motivates a review of existing input constraint 61

handling methods in NAC and related constrained control 62

frameworks. 63

B. Literature Review 64

In Table I, we summarize input constraint handling methods 65

reported in the literature, which can be broadly categorized 66

into structural methods and optimization-based methods. In 67

subsequent subsections, these methods are reviewed, highlight- 68

ing their advantages and limitations. Additionally, the input 69

constraints also referred to as input saturation to broadly refer 70

to limitations imposed on the control input. 71

1) Structural Methods for Input Constraint Handling in 72

NAC: Since the NAC framework is based on Lyapunov theory, 73

input constraints have been primarily handled using structural 74

methods in the NAC literature. In [1], Ji et al. categorized the 75

literature on the structural methods into two strategies: anti- 76

saturation design and direct design. We review these strategies 77

in the context of NAC. 78

In anti-saturation design, a virtual auxiliary system is mainly 79

constructed to compensate for the effects of input saturation 80

[9]–[23]. Owing to their high compatibility, auxiliary systems 81

have been adopted in various control designs. For example, 82

auxiliary systems have been incorporated into backstepping- 83

based NAC [15] and sliding mode control (SMC)-based NAC 84

[10] to mitigate the effects of input saturation. Furthermore, 85

the auxiliary systems have been integrated into reinforcement 86

learning (RL)-based NAC designs [9] and barrier Lyapunov 87

function (BLF)-based NAC designs [11]. To achieve finite- 88

time or fixed-time convergence, novel finite-time [12] or fixed- 89

time [13], [14] auxiliary systems have been proposed. 90

Generally, when the control input reaches the saturation 91

limit, the auxiliary system is excited, and the auxiliary state is 92

fed back into the control law as additional compensation terms. 93

However, from a learning perspective, if the auxiliary state is 94

not incorporated into the feedback error used in the adaptation 95

law, the NN weights may generate excessive control input to 96

achieve the desired tracking performance, since the saturation 97

effect is not considered in the adaptation process. Therefore, 98

the auxiliary state is often considered in the adaptation law 99
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TABLE I: Comparison of input-constraint handling approaches.

Structural Methods Optimization-Based Methods Proposed Approach

Representative Auxiliary system design [9]–[23], MPC [30]–[36], Preliminary works of this study
literature Smooth approximation of saturation [24]–[26] CBF-QP filter [37]–[39] [3], [40]

Stability analysis Lyapunov-based stability guarantees
Conditions on feasibility and

Lyapunov-based stability guarantees
related assumptions required

Input constraints Primarily element-wise General input constraints
Multiple convex input constraints

handling capability (symmetric or asymmetric) input constraints (convex/non-convex constraints)

Implementation
Continuous adaptation

Optimization at each time step
Continuous adaptation

(typically Lyapunov-based) (constrained optimization-based)

Computational
Typically low

Problem-dependent
Typically low

burden (may require iterative solvers)

[13]–[19]. This ensures that the NN weights adapt not only for100

approximating the ideal control law but also for compensating101

for the effect of input saturation.102

On the other hand, in direct design, the saturation effects are103

directly incorporated into the controller design and stability104

analysis. Typically, the saturation function is approximated105

by a smooth function, such as tanh(·), and the mean value106

theorem is used to transform it into affine form [24]–[26].107

However, as reported in [27], the smooth approximation of the108

saturation function may introduce conservative behavior and109

performance degradation, especially when the control input is110

close to the saturation limit, compared to the auxiliary system-111

based anti-saturation design.112

Another approach can be found in reinforcement learning113

(RL)-based NAC [28], [29]. The input saturation is handled114

by introducing a nonquadratic input cost into the infinite-115

horizon optimal control problem, which is solved using adap-116

tive dynamic programming (ADP). Within the resulting ADP117

framework, the optimal cost function is approximated by a118

critic neural network (CNN), and the optimal control law is119

derived from the Hamilton-Jacobi-Isaacs (HJI) equation or120

the Hamilton-Jacobi-Bellman (HJB) equation. Owing to the121

nonquadratic input cost, the resulting optimal control law is122

based on tanh(·) and satisfies asymmetric or symmetric input123

bounds.124

Despite their effectiveness, the aforementioned structural125

methods are limited to element-wise input constraints, such126

as symmetric or asymmetric bounds on each input. Thus,127

extending them to admissible input sets described by multiple128

convex constraints is not straightforward.129

2) Optimization-Based Methods for Input Constraint Han-130

dling: Besides structural methods, optimization-based meth-131

ods have been studied for constraint handling across a broad132

range of control design frameworks. These methods compute133

the control input by solving constrained optimization problems134

at each time step, as in model predictive control (MPC)135

[30]–[36] and control barrier function (CBF)-based quadratic136

programming (QP) filters [37]–[39]. In these methods, the137

constrained control problem is explicitly formulated as a con-138

strained optimization problem. Therefore, complex nonlinear139

(even non-convex) input constraints can be systematically140

incorporated into the control design, which is a significant141

advantage over the structural methods.142

Even though they solve constrained optimization problems143

at each time step, the computational burden may not necessar- 144

ily be significant for small-scale QPs or MPC problems with 145

short horizons and simple constraints. However, it can increase 146

substantially when multiple constraints must be handled simul- 147

taneously, nonlinear constraints are introduced, or the resulting 148

problem is non-convex. In this regard, some studies [34]–[36] 149

trained the optimal constrained control policy offline using 150

deep NNs (DNNs) to reduce online computation. 151

Moreover, closed-loop stability guarantees generally rely 152

on additional analytical conditions specific to the selected 153

optimization framework. For MPC, these conditions com- 154

monly include recursive feasibility, appropriate terminal in- 155

gredients, sufficiently long prediction horizons, and computa- 156

tional tractability [30]. In addition to these conditions, model 157

accuracy is critical, thereby motivating robust [31], data-driven 158

[32], and learning-based MPC [33], [34] approaches. Model 159

accuracy is also crucial for CBF-QP filters, where the validity 160

of the safety guarantee depends on the accuracy of the system 161

dynamics used to formulate the barrier constraint. Accord- 162

ingly, neuro-adaptive system identifiers have been introduced 163

to construct the CBF-QP filters using approximated system 164

dynamics [39]. 165

Although these approaches can provide stability or safety 166

guarantees under their stated assumptions, the guarantees typ- 167

ically depend on feasibility, prediction, or safety-critical filters 168

whose validity is affected by model accuracy, uncertainty 169

descriptions, data quality, and offline training coverage. 170

C. Motivation and Proposed Approach 171

Both structural and optimization-based methods are effec- 172

tive for input constraint handling, but they have comple- 173

mentary limitations, as summarized in Table I. Structural 174

methods offer Lyapunov-based stability guarantees and solver- 175

free computation, but they are limited in terms of the classes 176

of constraints they can accommodate. Optimization-based 177

methods can handle general constraints, but their closed-loop 178

stability guarantees are often tied to additional conditions and 179

iterative solvers may be required. 180

These observations motivate a unified NAC framework 181

in which more complex input constraints are incorporated 182

directly into the online adaptation law, as presented in the 183

previous work [3]. In the proposed CONAC framework, the 184

NAC problem is formulated as a constrained optimization 185
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problem in which multiple convex input constraints are im-186

posed as inequality constraints. The constrained optimization187

formulation is not used to solve a control allocation problem188

at each time step; instead, it is used to derive continuous-189

time adaptation law for the adaptive variables. Therefore,190

the proposed framework combines the Lyapunov-based sta-191

bility analysis of structural methods with the broader input-192

constraint handling capability of optimization-based methods,193

particularly for multiple convex input constraints.194

D. Contributions195

The main contributions of this study are:196

• Any combination of convex input constraints can be197

handled, thereby significantly extending the applicability198

of the NAC to real-world systems with complex input199

constraints;200

• The adaptation law for adaptive variables, including the201

DNN weights and the Lagrange multipliers, is system-202

atically derived from the formulated constrained opti-203

mization problem, and the Karush-Kuhn-Tucker (KKT)204

optimality conditions are satisfied at an equilibrium of205

the adaptation dynamics [41, Chap. 12, Thm. 12.1]; and206

• The closed-loop stability under the proposed Constrained207

Optimization-Based Neuro-Adaptive Control (CONAC)208

is rigorously analyzed using Lyapunov theory, ensuring209

the uniform ultimate boundedness (UUB) of the tracking210

error and adaptive variables.211

This study extends the preliminary work in [3], [40], which212

introduced inequality constraints on the weight and input213

norms within a constrained optimization framework for NAC214

using single-hidden-layer NNs. In the present work, the same215

framework is generalized to accommodate multiple convex216

input constraints and extended to DNNs, while still ensuring217

Lyapunov-based stability guarantees. Furthermore, unlike the218

previous study, which was limited to numerical simulations,219

the proposed CONAC is experimentally validated through real-220

time implementation on a 2-degree-of-freedom (DOF) robotic221

manipulator.222

Notation: ⊗ denotes the Kronecker product [42, Chap. 7,223

Def. 7.1.2]. A vector and a matrix are denoted by x =224

[xi]i∈{1,··· ,n} ∈ Rn and A := [aij ]i∈{1,··· ,n},j∈{1,··· ,m} ∈225

Rn×m, respectively. The ith column of the matrix A ∈226

Rn×m is denoted by Coli(A). For the matrix A ∈ Rn×m,227

vec(A) := (Col1(A)⊤, · · · ,Colm(A)⊤)⊤ ∈ Rnm denotes228

the vectorization of A. Finally, In denotes the n× n identity229

matrix, and 0n×m denotes the n×m zero matrix. The operator230

Projh(z)≤0(ν) denotes the projection of the direction ν ∈ Rn
231

according to a convex set C(z) := {z ∈ Rn : h(z) ≤ 0},232

where h : Rn → R is a convex function, following the233

projection rule in [43, Appendix E, Eq. (E.4)].234

E. Organization235

The remainder of this paper is organized as follows. Sec-236

tion II presents the target system and control objective. Sec-237

tion III introduces the proposed CONAC, including the adapta-238

tion law for adaptive variables. Section IV analyzes the closed-239

loop stability. Section V presents a real-time implementation240

of CONAC on a 2-DOF robotic manipulator, compares it with 241

existing methods, and discusses its advantages and limitations. 242

Finally, Section VI concludes the paper and discusses potential 243

future works. 244

II. PROBLEM FORMULATION 245

We consider an unknown multi-input multi-output (MIMO) 246

system modeled as 247

d
dtx = f(x) +B(x) sat(u), (1)

where x,u ∈ Rn denote the state and control input vec- 248

tors, respectively. The unknown system function and control 249

effectiveness matrix are denoted by f : Rn → Rn and 250

B : Rn → Rn×n, respectively, which are assumed to 251

be locally Lipschitz continuous. The saturation function is 252

denoted by sat : Rn → Ωu, where Ωu ⊂ Rn is the convex 253

admissible input set. 254

The system (1) is subject to the following assumptions. 255

Assumption 1. The control effectiveness matrix B(x) is 256

nonsingular and bounded as bIn ⪯ B(x) ⪯ b̄In, where 257

b, b̄ ∈ R>0 are unknown positive constants. 258

Assumption 2 ( [44, Assump. 1(b)]). There exists an un- 259

known positive function ρβ(x) : Rn → R>0 such that 260

1
2v

⊤ (︁ d
dtB(x)−1

)︁
v ≤ ρβ(x) ∥v∥2, ∀v ∈ Rn, and ∀x ∈ Rn. 261

Assumption 3. The convex admissible input set Ωu and 262

saturation function satisfy the following conditions: 263

1) The admissible input set Ωu is defined by smooth convex 264

constraint functions cuj : Rn → R, ∀j ∈ I, as 265

Ωu =
⋂︁

j∈I
{︁
u ∈ Rn : cuj (u) ≤ 0

}︁
,

where I denotes the input constraint index set. 266

2) The origin lies in the interior of Ωu, i.e., 267

cuj (0) ≤ −cuj < 0, ∀j ∈ I,

where cuj ∈ R>0, ∀j ∈ I, is known. 268

3) There exists a known constant u ∈ R>0 such that 269

inf
u/∈Ωu

(∥sat(u)∥) = u.

By Assumption 3, the saturation function sat(u) can rep- 270

resent any combination of multiple convex input constraints, 271

rather than simple element-wise constraints which are con- 272

ventionally considered in the NAC literature, as illustrated in 273

Fig. 1. 274

Additionally, the desired trajectory xd(t) : R≥0 → Rn is 275

assumed to be given and satisfies the following assumption. 276

Assumption 4. The desired trajectory xd := xd(t) is suffi- 277

ciently smooth, and xd and d
dtxd are bounded. 278

The control objective is to design a NAC for the unknown 279

system (1) such that x tracks the desired trajectory xd, 280

the multiple convex input constraints defined by sat(·) are 281

satisfied, and closed-loop stability is guaranteed. 282
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(a) Conventional input constraints.
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Fig. 1: Comparison of conventionally considered input con-
straints in the NAC literature and the proposed multiple convex
input constraints.
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Fig. 2: Overall architecture of the proposed CONAC.

III. PROPOSED CONAC FRAMEWORK283

The architecture of the proposed CONAC consists of a DNN284

that functions as a NAC and an adaptation process for the285

adaptive variables such as the DNN weights and Lagrange286

multipliers, as illustrated in Fig. 2. Before presenting CONAC,287

we first review some preliminaries in Section III-A. Then,288

the controller is presented in Section III-B along with the289

adaptation law in Section III-C.290

A. Preliminaries291

The following proposition will be used in the subsequent292

sections:293

Proposition 1 ( [42, Prop. 7.1.9]). For a matrix A ∈ Rn×m
294

and a vector b ∈ Rn, the following property holds:295

A⊤b = vec(A⊤b) = vec(b⊤A) = (Im ⊗ b⊤) vec(A). (2)

We review the DNN structure and its approximation capabil-296

ity, which are essential for the subsequent controller design and297

stability analysis. According to the universal approximation298

property [7], the DNN Φ : Rl0+1 × RΞ → Rlk+1 can be299

Output layerInput layer Hidden layer

Fig. 3: Example of the DNN Φ(xnn;θ) with k = 2, l0 =
2, l1 = l2 = 3, and l3 = 2.

used to approximate any smooth unknown nonlinear function 300

g : Rl0+1 → Rlk+1 . Specifically, there exists a DNN such that 301

sup
xnn∈Ωxnn

∥g(xnn)−Φ(xnn;θ
∗)∥ = sup

xnn∈Ωxnn

∥ϵ∥ = ϵ,

(3)
where xnn ∈ Rl0+1 is the DNN input vector and θ∗ ∈ RΞ

302

denotes the ideal DNN weights that minimize the approxima- 303

tion error ϵ ∈ Rlk+1 . The DNN input vector xnn should be 304

designed to include all arguments of the unknown function 305

g. A compact set Ωxnn ⊂ Rl0+1 denotes the approximation 306

region of the DNN, which ensures the boundedness of θ∗ and 307

ϵ, such that ∥θ∗∥ ≤ θ
∗ ∈ R>0 and ∥ϵ∥ ≤ ϵ ∈ R>0. The DNN 308

Φ(xnn;θ) = Φk can be recursively defined as 309

Φi :=

{︄
W⊤

i ϕi(Φi−1), i ∈ {1, . . . , k},
W⊤

0 xnn, i = 0,
(4)

where W i ∈ R(li+1)×li+1 and ϕi : Rli → Rli+1 represent 310

the weight matrix and the activation function of the ith 311

layer for all i ∈ K, respectively, and K := {0, 1, · · · , k} 312

denotes the index set of layers. The DNN Φ(xnn;θ) has 313

k + 1 layers, where the input and output layers are indexed 314

by i = 0 and i = k, respectively, as illustrated by the 315

example in Fig. 3. The activation function is defined as 316

ϕi(z) = (tanh(z1), · · · , tanh(zli), 1)
⊤
, for some z ∈ Rli . 317

We simplify the notations by vectorizing all weight matrices 318

as 319

θi := vec(W i) ∈ R(li+1)li+1 , ∀i ∈ K,

and, finally, stacking them as θ := [θi]i∈K ∈ RΞ, where 320

Ξ :=
∑︁

i∈K(li + 1)li+1. Additionally, like θ
∗
, there exists a 321

maximum norm bound for the weights of each layer θ
∗
i ∈ R>0, 322

such that ∥θ∗
i ∥ ≤ θ

∗
i , ∀i ∈ K. 323

The gradient of Φ(xnn;θ) with respect to θ can be obtained 324

using Proposition 1 and the chain rule as follows: 325

∂Φ

∂θ
=

[︃
∂Φ

∂θk

∂Φ

∂θk−1
· · · ∂Φ

∂θ0

]︃
∈ Rlk+1×Ξ, (5)

where 326

∂Φ

∂θi
=

⎧⎪⎪⎪⎪⎨⎪⎪⎪⎪⎩
I lk+1

⊗ ϕ⊤
k , i = k,

W⊤
k ϕ

′
k(I lk ⊗ ϕ⊤

k−1), i = k − 1,
...

...
W⊤

k ϕ
′
k · · ·W

⊤
1 ϕ

′
1(I l1 ⊗ x⊤

nn), i = 0,

(6)

and ϕi := ϕi(Φi−1) and ϕ′
i :=

dϕi

dΦi−1
, for all i ∈ K \ {0}. 327
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B. Controller Design328

We define the tracking error as e = x−xd, and derive the329

error dynamics from (1) as330

d
dte = f(x) +B(x) sat(u)− d

dtxd. (7)

Let us consider the Lyapunov function Vc := 1
2e

⊤B−1(x)e.331

Invoking Assumptions 2, the time derivative of Vc can be332

bounded as follows:333

d
dtVc =

1
2e

⊤ (︁ d
dtB

−1
)︁
e+ e⊤B−1

(︁
f +B sat(u)− d

dtxd

)︁
≤ρβ(x) ∥e∥2+e⊤u+e⊤B−1

(︁
f− d

dtxd

)︁
+e⊤∆u,

(8)

where the arguments of f(x) and B(x) are omitted for brevity334

and ∆u := sat(u)− u.335

A desired control law ud such that the tracking error e is336

stable in the absence of input saturation is selected as337

ud := −Pe− ρβ(x)e+B−1
(︁
−f + d

dtxd

)︁
, (9)

where pIn ⪯ P = P⊤ ⪯ pIn for known positive constants338

p, p ∈ R>0.339

By substituting ud in (9) into (8), we have340

d
dtVc ≤− e⊤Pe+ e⊤ (u− ud) + e⊤∆u (10)

≤− p ∥e∥2 + e⊤ (u− ud) + e⊤∆u.

Notably, in the ideal case, i.e., u = ud and ∆u = 0, the341

tracking error e asymptotically converges to zero with decay342

rate pb, since 1
b

d
dt

(︂
∥e∥2

)︂
≤ d

dtVc ≤ −p ∥e∥2.343

Since the ideal control law (9) contains unknown functions344

ρβ(x), f and B, we employ the DNN Φ(xnn;θ) in (4) to345

approximate the ideal control law as follows:346

Φ(xnn;θ
∗) + ϵ = −e− P−1

(︁
ρβ(x)e+B−1(f − d

dtxd)
)︁
.

The DNN input vector xnn can be defined in various ways, as347

long as it includes the arguments of the unknown functions.348

In this formulation, we define the DNN input vector as xnn =349 (︁
x⊤
d ,

d
dtx

⊤
d ,x

⊤, 1
)︁⊤ ∈ R3n+1. Then, we have350

ud = P
(︁
Φ(xnn;θ

∗) + ϵ
)︁
. (11)

The actual control law is designed as351

u := PΦ(xnn; ˆ︁θ), (12)

where ˆ︁θ ∈ RΞ denotes the estimated DNN weights.352

By substituting (11) and (12) into (10), we have353

d
dtVc ≤ −p ∥e∥2 + e⊤P

(︂ˆ︁Φ−Φ∗ − ϵ
)︂
+ e⊤∆u, (13)

where ˆ︁Φ :=Φ(xnn; ˆ︁θ) and Φ∗ :=Φ(xnn;θ
∗) are abbreviated.354

C. Adaptation Law Derivation355

The control objective defined in Section II can be formulated356

as a constrained optimization problem, as follows:357

minˆ︁θ J(e; ˆ︁θ) = 1
2e

⊤e (14a)

subject to cθi (
ˆ︁θi) =

1
2

(︃⃦⃦⃦ˆ︁θi

⃦⃦⃦2
− θ

2

i

)︃
≤ 0, ∀i ∈ K, (14b)

cuj (
ˆ︁θ) ≤ 0, ∀j ∈ I, (14c)

where J(e; ˆ︁θ) is the objective function. In the optimiza- 358

tion problem, inequality constraints of weight boundedness 359

cθi (
ˆ︁θi), ∀i ∈ K, and input constraints cuj (

ˆ︁θ), ∀j ∈ I, are 360

imposed. 361

Specifically, the input constraints used in (14c) are the same 362

convex constraint functions that characterize the admissible 363

input set in Assumption 3. With a slight abuse of notation, 364

the composed input constraints are denoted by cuj (
ˆ︁θ) := 365

cuj (u(
ˆ︁θ)) = cuj (PΦ(xnn; ˆ︁θ)), ∀j ∈ I, to explicitly represent 366

the dependence of the input constraints on the DNN weights 367ˆ︁θ. Additionally, all active constraints are assumed to satisfy 368

the Linear Independence Constraint Qualification (LICQ) to 369

avoid degeneracy [41, pp. 465–467]. 370

The Lagrangian function L := L(e, ˆ︁θ, [σi]i∈K, [λj ]j∈I) is 371

defined as 372

L = J(e; ˆ︁θ) +∑︁i∈K σic
θ
i (
ˆ︁θi) +

∑︁
j∈I λjc

u
j (
ˆ︁θ), (15)

where [σi]i∈K and [λj ]j∈I denote the Lagrange multipliers 373

for the weight constraints (14b) and input constraints (14c), 374

respectively. Then, the primal-dual problem can be formulated 375

as follows: 376

minˆ︁θ max
[σi]i∈K,[λj ]j∈I

L(e, ˆ︁θ, [σi]i∈K, [λj ]j∈I). (16)

The adaptation law for the adaptive variables, ˆ︁θ, [σi]i∈K, 377

and [λj ]j∈I , is derived to solve (16) by using a primal- 378

dual gradient update law, i.e., d
dt
ˆ︁θ = −α∂L

∂ˆ︁θ , d
dtσi = 379

Projσi≥0

(︂
βθ
i

∂L
∂σi

)︂
, and d

dtλj = Projλj≥0

(︂
βu
j

∂L
∂λj

)︂
, as fol- 380

lows: 381

d
dt
ˆ︁θ = −α

(︂
∂J

∂ˆ︁θ +
∑︁

i∈K σi
ˆ︁θi +

∑︁
j∈I λj

∂cuj

∂ˆ︁θ
)︂
, (17a)

d
dtσi = Projσi≥0

(︁
βθ
i c

θ
i

)︁
, ∀i ∈ K, (17b)

d
dtλj = Projλj≥0

(︁
βu
j c

u
j

)︁
, ∀j ∈ I, (17c)

where α ∈ R>0 denotes the adaptation gain (learning rate) 382

and βθ
i , β

u
j ∈ R>0, ∀i ∈ K, j ∈ I, denote the update rates of 383

the Lagrange multipliers. The Lagrange multipliers associated 384

with inequality constraints are kept non-negative, i.e., σi, λj ≥ 385

0, due to Proj(·)≥0(·) in (17b) and (17c). 386

When a constraint becomes violated, i.e., positive constraint 387

violation cθi , c
u
j > 0, the corresponding Lagrange multiplier 388

increases according to (17b) and (17c), to address the vio- 389

lation by updating weight ˆ︁θ through (17a). Ultimately, the 390

Lagrange multiplier exhibits two distinct behaviors depending 391

on the constraint status: it either decreases to zero (e.g., via 392

a projection operator) when the constraint becomes inactive, 393

cθi , c
u
j < 0, or converges to a positive value when the constraint 394

remains binding, cθi , c
u
j = 0, to enforce the limit. 395

Remark 1 (Comparison with Existing Methods for Weight 396

Boundedness). Unlike projection-based methods that directly 397

restrict the adaptive weights to a prescribed set, or σ- 398

modification and ϵ-modification that continuously bias them 399

toward the origin [40], CONAC handles weight boundedness 400

through inequality constraints within the primal-dual adapta- 401

tion framework like the input constraints. The corresponding 402
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Algorithm 1 Proposed CONAC

1: Initialize: ˆ︁θ(0)
, σ(0)

i , ∀i ∈ K, λ(0)
j , ∀j ∈ I

2: for r = 0 to ∞ do
3: Obtain x(r) and x

(r)
d

4: e(r) ← x(r) − x
(r)
d

5: // Neuro-adaptive control law (Section III-B)
6: Define x

(r)
nn from all arguments of u(r)

d

7: u(r) ← PΦ(x
(r)
nn; ˆ︁θ(r)

) based on (12)
8: Apply u(r) to the system in (1)
9: // Update Adaptive Variables (Section III-C)

10: Compute ∂ ˆ︁Φ(r)

∂ˆ︁θ(r) as defined in (5)

11: Compute cθi
(r)

, cuj
(r) and

∂cuj
(r)

∂ˆ︁θ(r) for all i ∈ K, j ∈ I

12: Update ˆ︁θ(r+1)
, σ(r+1)

i , ∀i ∈ K, and λ
(r+1)
j , ∀j ∈ I,

using (18), (17b), and (17c), respectively.
13: end for

constraint term is only activated when the prescribed bound403

is violated, thereby softly driving the weights toward the404

admissible set without direct clipping or persistent origin-405

directed bias.406

Meanwhile, the adaptation law of ˆ︁θ defined in (17a) in-407

volves the partial derivative of the error with respect to the con-408

trol input ∂e
∂u , i.e., ∂J

∂ˆ︁θ =
(︁
( ∂e
∂u )(

∂u

∂ˆ︁θ )
)︁⊤

e =
(︁
( ∂e
∂u )P (∂

ˆ︁Φ
∂ˆ︁θ )
)︁⊤

e.409

Since the objective function depends on the tracking error e of410

a dynamic system, obtaining ∂e
∂u is not straightforward. Exact411

computation methods, such as the forward sensitivity method412

[40], [45], can be used in principle, but they require exact413

knowledge of the system dynamics which is not available in414

this study. On the other hand, several approximation methods415

have been proposed [46], [47]. They approximate ∂e
∂u by taking416

the sign of each entry of the control effectiveness matrix, i.e.,417

∂e
∂u ≈

[︁
sign(bi,j)

]︁
i,j∈{1,··· ,n}, which corresponds to the MIT418

rule in the context of adaptive control. However, since the419

entry of the control effectiveness matrix B(x) is unknown420

in this study, we instead approximate B(x) by its sign, i.e.,421

∂e
∂u ≈ sign(B(x)) = In, under Assumption 1. Consequently,422

the adaptation law in (17a) becomes:423

d
dt
ˆ︁θ ≈ −α(︃∂ ˆ︁Φ

∂ˆ︁θ
⊤
Pe+

∑︁
i∈K σi

ˆ︁θi +
∑︁

j∈I λj
∂cuj

∂ˆ︁θ
)︃
. (18)

Additionally, the adaptation law (17) provides an optimal-424

ity interpretation at equilibrium. At an equilibrium of (17),425

where d
dt
ˆ︁θ = 0, d

dtσi = 0, and d
dtλj = 0, the resulting426

equilibrium conditions correspond to KKT conditions, i.e.,427

∂L

∂ˆ︁θ = 0, cθi , c
u
j ≤ 0, σi, λj ≥ 0, and σic

θ
i = 0, and428

λjc
u
j = 0, ∀i ∈ K, j ∈ I. Thus, the equilibria characterize429

candidates for locally optimal solutions of the formulated430

constrained optimization problem.431

The proposed CONAC algorithm is presented in Algo-432

rithm 1, implemented in a discrete-time controller, where (·(r))433

denotes the value at the rth time step.434

IV. STABILITY ANALYSIS 435

In this section, the stability of the closed-loop system under 436

the proposed CONAC is analyzed. To facilitate the stability 437

analysis, we introduce the following lemmas. 438

Lemma 1 (Convexity of input constraints with respect to 439ˆ︁θk). The input constraint function cuj (
ˆ︁θk), ∀j ∈ I, is convex 440

with respect to the output layer weights ˆ︁θk, resulting in the 441

inequality 442

cuj (
ˆ︁θk)−

∂cuj

∂ˆ︁θk

⊤ˆ︁θk ≤ −cuj < 0.

Proof. According to Proposition 1, the output of the DNN ˆ︁Φ 443

depends linearly on the output layer weights ˆ︁θk as follows: 444ˆ︁Φ = ˆ︂W⊤
k
ˆ︁ϕk =

(︂
I lk+1

⊗ˆ︁ϕ⊤
k

)︂
vec(ˆ︂W k) =

(︂
I lk+1

⊗ˆ︁ϕ⊤
k

)︂ ˆ︁θk.

(19)
This implies that the control input u = P ˆ︁Φ depends linearly 445

on ˆ︁θk. Therefore, the convexity of cuj (
ˆ︁θ), ∀j ∈ I, with 446

respect to u is preserved with respect to ˆ︁θk, due to the linear 447

dependence of u on ˆ︁θk. In addition, the convexity of cuj (
ˆ︁θ) 448

with respect to ˆ︁θk implies cuj (
ˆ︁θk) −

∂cuj

∂ˆ︁θk

⊤ˆ︁θk ≤ cuj (
ˆ︁θ)⃓⃓ˆ︁θk=0

. 449

Additionally, since ˆ︁θk = 0 implies u = P ˆ︁Φ = 0, (i.e., output 450

layer weight is zero), we have cuj (
ˆ︁θ)⃓⃓ˆ︁θk=0

= −cuj < 0 by 451

Assumption 3, which concludes the proof. 452

Lemma 2 (Boundedness of ∆u with respect to ˆ︁θk). The 453

saturation of control input ∆u is bounded by ˆ︁θk as 454

∥∆u∥ ≤ p
√︁
lk + 1

⃦⃦⃦ˆ︁θk

⃦⃦⃦
.

Proof. Since ϕk(·) employs the bounded activation function 455

| tanh(·)| < 1, we have 456

∥ϕk(·)∥ ≤
√︁
lk + 1, (20)

for any output of the preceding layers and xnn. Hence, 457

invoking the relation in (19), the control input u = P ˆ︁Φ is 458

bounded by ˆ︁θk as follows: 459

∥u∥ ≤ p
⃦⃦⃦ ˆ︁Φ⃦⃦⃦ ≤ p

√︁
lk + 1

⃦⃦⃦ˆ︁θk

⃦⃦⃦
. (21)

In addition, since there exists u > 0 such that infu/∈Ωu
460

(∥sat(u)∥) = u by Assumption 3, we have ∥∆u∥ ≤ ∥u∥−u, 461

while ∆u = 0 when u ∈ Ωu. Thus, we have 462

∥∆u∥ ≤ max
{︂
p
√︁

lk + 1
⃦⃦⃦ˆ︁θk

⃦⃦⃦
− u, 0

}︂
≤ p
√︁
lk + 1

⃦⃦⃦ˆ︁θk

⃦⃦⃦
,

(22)
which concludes the proof. 463

Lemma 3. For any a, b ∈ R≥0 and c ∈ R>0, the following 464

inequality holds: 465

(a− b) Proja≥0(c) ≤ (a− b)c. (23)

Proof. The inequality can be verified by considering the two 466

cases of a > 0 and a = 0, as follows: 467

(a− b) Proja≥0(c) =

{︄
(a− b)c, if a > 0,

0, if a = 0.

This implies that (a− b) Proja≥0(c) ≤ (a− b)c always holds 468

and concludes the proof. 469
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The following theorem establishes the UUB of the tracking470

error e, the DNN weights ˆ︁θ, and the Lagrange multipliers471

σi, ∀i ∈ K, and λj , ∀j ∈ I.472

Theorem 1. Consider the closed-loop system consisting of473

(1), the control law (12), and the adaptation law (17). Suppose474

that Assumptions 1–4 hold and the initial condition belongs475

to the compact invariant set
∏︁k

ℓ=0 Sℓ(V ℓ) constructed in (29)476

and (34). Then, the tracking error e, the DNN weights ˆ︁θ, and477

the Lagrange multipliers σi, ∀i ∈ K, and λj , ∀j ∈ I, are478

uniformly ultimately bounded.479

Proof. The proof is divided into two steps. We first analyze480

the UBB of the tracking error e, the output-layer adaptive481

variables, ˆ︁θk, and σk, and the Lagrange multipliers associated482

with the input constraints λj , ∀j ∈ I. This step provides the483

key boundedness result for the tracking error and the controller484

output. In the following step, we analyze the remaining inner-485

layer adaptive variables, ˆ︁θi and σi, ∀i ∈ K \ {k}.486

487

Step 1: Boundedness of the tracking error, output-layer and488

input-constraint adaptive variables.489

Consider the following Lyapunov function490

Vk(zk) := Vc+
1
2α
ˆ︁θ⊤
k
ˆ︁θk+

1
βθ
k

(σk−σo
k)

2+
∑︁

j∈I
1

2βu
j
λ2
j , (24)

where zk :=
(︂
e⊤, ˆ︁θ⊤

k , σk, [λj ]
⊤
j∈I

)︂⊤
and σo

k ∈ R>0 will be491

determined later. The Lyapunov function Vk := Vk(zk) is492

lower bounded and radially unbounded with respect to zk. In493

the following analysis, we consider the case where the output494

layer weight constraint is violated, i.e., cθk(
ˆ︁θk) > 0. This495

is because the boundedness of ˆ︁θk directly follows when the496

output layer weight constraint is not violated, i.e., cθk(ˆ︁θk) ≤ 0.497

The time derivative of Vk can be analyzed as follows:498

d
dtVk ≤− p ∥e∥2 + e⊤P

(︂ˆ︁Φ−Φ∗ − ϵ
)︂
+ e⊤∆u

− ˆ︁θ⊤
k

∂ ˆ︁Φ
∂ˆ︁θk

⊤
Pe⏞ ⏟⏟ ⏞

=ˆ︁Φ⊤
Pe, see, (5), (19)

−σk
ˆ︁θ⊤
k
ˆ︁θk −

∑︁
j∈I λj

ˆ︁θ⊤
k

∂cuj

∂ˆ︁θk

+ 2(σk − σo
k)c

θ
k(
ˆ︁θk) +

∑︁
j∈I λjc

u
j (
ˆ︁θ) (25)

≤− p ∥e∥2 + e⊤P (−Φ∗ − ϵ) + e⊤∆u− σk

⃦⃦⃦ˆ︁θk

⃦⃦⃦2
+ (σk − σo

k)

(︃⃦⃦⃦ˆ︁θk

⃦⃦⃦2
− θ

2

k

)︃
−
∑︁

j∈I λjc
u
j⏞ ⏟⏟ ⏞

see, Lemma 1

=− p ∥e∥2 + e⊤P (−Φ∗ − ϵ) + e⊤∆u

− σo
k

⃦⃦⃦ˆ︁θk

⃦⃦⃦2
− σkθ

2

k + σo
kθ

2

k −
∑︁

j∈I λjc
u
j .

The projection operators in (17b) and (17c) are omitted499

according to Lemma 3.500

For the boundedness of θ∗
k and ϵ, we assume that xnn501

remains in the approximation region Ωxnn
, which will be502

ensured later in the proof. Hence, θ∗
k and ϵ are bounded by503

θ
∗
k and ϵ, respectively. Similarly to the bound of ˆ︁Φ, Φ∗ is504

bounded by θ
∗
k

√
lk + 1.505

Using Lemma 2, we can further analyze d
dtVk as follows:506

d
dtVk ≤− p ∥e∥2 − σo

k

⃦⃦⃦ˆ︁θk

⃦⃦⃦2
(26)

+ p ∥e∥
(︂
θ
∗
k

√︁
lk + 1 + ϵ+

√︁
lk + 1

⃦⃦⃦ˆ︁θk

⃦⃦⃦)︂
− σkθ

2

k + σo
kθ

2

k −
∑︁

j∈I λjc
u
j .

For further analysis, we use Young’s inequality which states 507

ab ≤ ηa2 + 1
4η b

2, ∀a, b ∈ R, η ∈ R>0. By applying Young’s 508

inequality to the third term in the right-hand side of (26), we 509

have 510

d
dtVk ≤− (p− η1 − η2) ∥e∥2 −

(︂
σo
k− 1

4η2
p2(lk + 1)

)︂ ⃦⃦⃦ˆ︁θk

⃦⃦⃦2
− σkθ

2

k −
∑︁

j∈I λjc
u
j (27)

+ 1
4η1

[︂
p
(︂
θ
∗
k

√︁
lk + 1 + ϵ

)︂]︂2
+ σo

kθ
2

k⏞ ⏟⏟ ⏞
=:δk∈R>0

,

where η1, η2 ∈ R>0 and σo
k ∈ R>0 are arbitrarily chosen such 511

that p− η1− η2 > 0 for given p, and σo
k− 1

4η1
p2(lk +1) > 0, 512

respectively. 513

This result implies that d
dtVk is negative outside the compact 514

set defined by 515

Ωk=

{︄
zk :a

⃦⃦⃦⃦(︂
e⊤,ˆ︁θ⊤

k

)︂⊤ ⃦⃦⃦⃦2
+b
⃦⃦⃦(︁

σk, [λj ]
⊤
j∈I
)︁⊤⃦⃦⃦

1
≤δk

}︄
, (28)

where a := min
{︂
p− η1 − η2, σ

o
k − 1

4η2
p2(lk + 1)

}︂
∈ R>0 516

and b := min
{︂
θ
2

k,minj∈I
{︁
cuj
}︁}︂
∈ R>0. Moreover, since 517

Vk is lower bounded and radially unbounded, there exists a 518

compact sublevel set 519

Sk(V k) :=
{︁
zk : Vk(zk) ≤ V k

}︁
, (29)

where V k ∈ R>0 is arbitrarily chosen such that Ωk ⊂ Sk(V k). 520

Because d
dtVk < 0 for all zk /∈ Ωk, zk initialized in Sk(V k) 521

will remain in Sk(V k) for all time and eventually enter Ωk. 522

Therefore, UBB of e, ˆ︁θk, σk, and λj , ∀j ∈ I, is ensured in 523

Sk(V k). 524

In addition, the boundedness of zk implies that x is 525

bounded, since e = x − xd and xd is bounded by Assump- 526

tion 4. Therefore, since zk remains bounded in Sk(V k), all 527

components of xnn remain bounded, implying there exists 528

a compact approximation region Ωxnn
. This justifies the 529

boundedness of θ∗
k and ϵ used in this analysis. 530

531

Step 2: Boundedness of the inner-layer adaptive variables. 532

The remaining weights [ˆ︁θi]i∈K\{k} and the Lagrange multi- 533

pliers [σi]i∈K\{k} are analyzed recursively from the (k− 1)th 534

layer to the input layer (i = 0). Specifically, for an arbitrary 535

layer index i ∈ {0, · · · , k−1}, we assume that the subsequent 536

adaptive variables, ˆ︁θi+1, σi+1, · · · , ˆ︁θk, σk, have already been 537

shown to be bounded, and then prove the boundedness of ˆ︁θi 538

and σi. 539

Consider the Lyapunov function of the ith layer defined as 540

Vi(zi) =
1
2α
ˆ︁θ⊤
i
ˆ︁θi +

1
βθ
i

(σi − σo
i )

2, (30)

where zi :=
(︂ˆ︁θ⊤

i , σi

)︂⊤
, and σo

i ∈ R>0 will be determined in 541

the subsequent analysis. As in the analysis of Vk, the weight 542

constraint cθi (ˆ︁θi) is assumed to be violated, and the projection 543
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operator in (17b) is omitted according to Lemma 3. Taking544

the time derivative of Vi yields545

d
dtVi ≤− σi

⃦⃦⃦ˆ︁θi

⃦⃦⃦2
− ˆ︁θ⊤

i
∂ ˆ︁Φ
∂ˆ︁θi

⊤
Pe (31)

−
∑︁

j∈I λj
ˆ︁θ⊤
i

∂ ˆ︁Φ
∂ˆ︁θi

⊤
P

∂cuj
∂u + 2(σi − σo

i )c
θ
i (
ˆ︁θi)

≤− σi

⃦⃦⃦ˆ︁θi

⃦⃦⃦2
+ (σi − σo

i )

(︃⃦⃦⃦ˆ︁θi

⃦⃦⃦2
− θ

2

i

)︃
− ˆ︁θ⊤

i

(︃
∂ ˆ︁Φ
∂ˆ︁θi

⊤
P
(︂
e+

∑︁
j∈I λj

∂cuj
∂u

)︂)︃
⏞ ⏟⏟ ⏞

=:γi∈RΞi

≤− σo
i

⃦⃦⃦ˆ︁θi

⃦⃦⃦2
− σiθ

2

i +
⃦⃦⃦ˆ︁θi

⃦⃦⃦
∥γi∥+ σo

i θ
2

i .

To establish the boundedness of γi, we note that: (i)546

∂ ˆ︁Φ
∂ˆ︁θi

is bounded because the subsequent weights ˆ︁θi+1, . . . , ˆ︁θk547

are bounded under the recursive assumption; (ii) e, ˆ︁θk, and548

[λj ]j∈I are bounded by Step 1; and (iii)
∂cuj
∂u is bounded over549

the compact domain containing u, owing to the smoothness of550

cuj (·) in Assumption 3 and the boundedness of u established551

in (21). Therefore, there exists an unknown constant γi ∈ R>0552

such that ∥γi∥ ≤ γi.553

Then, by applying Young’s inequality to the coupled term,554

i.e.,
⃦⃦⃦ˆ︁θi

⃦⃦⃦
∥γi∥ ≤

⃦⃦⃦ˆ︁θi

⃦⃦⃦2
+ 1

4γ
2
i , in (31), we have555

d
dtVi ≤− (σo

i − 1)
⃦⃦⃦ˆ︁θi

⃦⃦⃦2
− σiθ

2

i + δi, (32)

where δi :=
1
4γ

2
i +σo

i θ
2

i is a positive constant, and σo
i ∈ R>0556

is arbitrarily chosen such that σo
i − 1 > 0. As in Step 1, d

dtVi557

is negative outside the compact set defined by558

Ωi =

{︃
zi : (σ

o
i − 1)

⃦⃦⃦ˆ︁θi

⃦⃦⃦2
+ θ

2

i |σi| ≤ δi

}︃
, (33)

which implies the boundedness of ˆ︁θi and σi. Moreover, a559

compact sublevel set Si(V i) of Vi can be constructed such560

that561

Si(V i) :=
{︁
zi : Vi(zi) ≤ V i

}︁
, (34)

where V i ∈ R>0 is arbitrarily chosen such that Ωi ⊂ Si(V i).562

Since d
dtVi < 0 for all zi /∈ Ωi, Si(V i) is positively563

invariant. Together with the previously established invariance564

of Si+1(V i+1), . . . ,Sk(V k), this implies that any trajectory565

initialized in
∏︁k

ℓ=i Sℓ(V ℓ) = Sk(V k)× · · · × Si(V i) remains566

in this set for all time.567

By recursively applying the above analysis from i = k − 1568

to i = 0, the boundedness of the control system, including e,569 ˆ︁θ, and σi, ∀i ∈ K, and λj , ∀j ∈ I, is established, which570

concludes the proof.571

572

Additionally, we introduce the following remarks regarding573

the initialization and the parameter tuning of CONAC.574

Remark 2 (Initialization of CONAC). The invariant sublevel575

set
∏︁k

ℓ=0 Sℓ(V ℓ) used in the stability analysis depends on576

unknown constants. Therefore, the exact admissible initial577

domain cannot be computed explicitly. In practice, we rec-578

ommend initializing; the system state x(0) close to the initial579

reference state xd(0) to reduce the initial tracking error e(0); 580

DNN weights with small random values; and zero for the 581

Lagrange multipliers, [σi(0)]i∈K = 0 and [λj(0)]j∈I = 0, 582

without constraint violations, to help ensure that the system 583

starts within
∏︁k

ℓ=0 Sℓ(V ℓ). 584

Remark 3 (Initial Desired Trajectory Design). The initializa- 585

tion in Remark 2 helps prevent initial unstable behavior, which 586

generally results from poor initial performance of NAC due 587

to the randomly initialized DNN weights. With small random 588

weights, the initial control input is expected to be small, 589

thereby avoiding abrupt control actions. However, if the system 590

starts near an unstable or highly nonlinear operating region, 591

small random weights may result in unstable behavior or 592

slow adaptation. Hence, it is preferable to design the desired 593

trajectory such that the system starts in a sufficiently stable 594

operating region (e.g., near the stable equilibrium point), and 595

use a conservative desired trajectory during an initial warm- 596

up phase, as introduced in [3]. 597

Remark 4 (Tuning of CONAC Parameters). The adaptation 598

gain α and the multiplier update rates βθ
i and βu

j affect the 599

transient behavior of CONAC. The gain α determines the 600

overall update speed of the DNN weights. A large α may 601

improve the initial learning response but can also induce 602

overshooting or oscillatory behavior, resulting in failure to 603

learn the ideal weights. Conversely, an excessively small α 604

may lead to slow adaptation and poor transient tracking 605

performance. The update rates βθ
i and βu

j determine how 606

rapidly the Lagrange multipliers respond to weight and input 607

constraint violations, respectively. Larger values accelerate 608

the enforcement of the corresponding constraints by increasing 609

the multiplier response when a violation occurs. However, 610

excessively large update rates may introduce abrupt changes 611

in the adaptation law, leading to chattering or high-frequency 612

oscillations in the control input on the constraint boundary. 613

Therefore, α, βθ
i , and βu

j should be selected to balance 614

learning speed, prompt constraint enforcement, and smooth 615

closed-loop behavior. The effect of the input constraint multi- 616

plier update rate βu
j is evaluated in the parametric study in 617

Section V-B. 618

V. VALIDATIONS 619

A. Validation Setup 620

To validate the proposed CONAC, a real-time experiment 621

was conducted on a two-link robotic manipulator, as shown in 622

Fig. 4. The OpenCR1.0 board [48] with a 32-bit ARM Cortex 623

processor and a 216MHz clock frequency was used as the 624

microcontroller unit (MCU). The two-link robotic manipulator 625

was actuated by two Cubemars AK10-90 servo motors. The 626

servos were controlled using the MCU, which transmits the 627

torque reference to the corresponding servo via controller area 628

network (CAN) communication at a sampling rate of 500Hz 629

using a PCAN-USB interface. The system parameters and 630

the schematic diagram are shown in Table II and Fig. 5a, 631

respectively. 632
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The two-link robotic manipulator dynamics are described633

by the following Euler-Lagrange equation:634

M(q) d2

dt2 q +C(q, d
dtq)

d
dtq +G(q) = sat(τ ), (35)

where q := (q1, q2)
⊤ ∈ R2 is the joint angle vector,635

τ := (τ1, τ2)
⊤ ∈ R2 is the joint torque vector, M(q) ∈ R2×2

636

is the inertia matrix, C(q, d
dtq) ∈ R2×2 is the Coriolis matrix,637

and G(q) ∈ R2 is the gravity vector. The inertia matrix638

M(q) whose inverse is the control effectiveness matrix, is639

a symmetric positive-definite matrix according to the physical640

properties of Euler-Lagrange equation, [1, Lemma 3.1].641

To apply CONAC, the system was reformulated into642

the first-order dynamics form in (1) by defining the state643

as x := d
dtq + Λq, and the control input as u :=644

τ , where Λ ∈ R2×2 is a positive definite matrix, and645

f := M−1(q)
(︁
−C(q, d

dtq)
d
dtq −G(q)

)︁
+Λ d

dtq, and B :=646

M−1(q). Moreover, the DNN input vector was defined as647

xnn :=
(︂
(q − qd)

⊤, d
dt (q − qd)

⊤, d2

dt2 q
⊤
d , 1

)︂⊤
, since f , B648

and d
dtxd in (12) are functions of q, qd,

d
dtq,

d
dtqd and d2

dt2 qd.649

The input saturation sat(τ ) was defined as follows:650

sat(τ ) =

⎧⎪⎪⎪⎪⎪⎪⎨⎪⎪⎪⎪⎪⎪⎩

(︄
sign(τ1)τ1

sign(τ2)τ2

)︄
, if |τ2| > τ2 and |τ1| > τ1

(τ1, sign(τ2)τ2)
⊤
, if |τ2| > τ2 and |τ1| ≤ τ1

τ
∥τ∥τ , if |τ2| ≤ τ2 and ∥τ∥ > τ

τ , otherwise,
(36)

where τ2 = 3.8Nm, τ1 = 10.32Nm and τ = 11Nm,651

as illustrated in Fig. 5b. The saturation function can be652

decomposed into three convex input constraints, which can653

be physically interpreted as the upper and lower torque limit654

of the second joint and the power source limit, respectively,655

and are denoted by656

cuτ2
(τ ) := τ2−τ2, c

u
τ2
(τ ) := −τ2−τ2, c

u
τ (τ ) := ∥τ∥

2−τ2.
(37)

Accordingly, the input constraint index set is defined as I =657

{τ2, τ2, τ}.658

The satisfaction of the LICQ of the considered constraints659

in (37) is analyzed. First, the gradient of the upper and lower660

torque limit constraints cuτ2
and cuτ2

are derived as follows:661

∂cuτ2

∂ˆ︁θ = −
∂cuτ2

∂ˆ︁θ =
∂(P ˆ︁Φ)

∂ˆ︁θ
⊤(︃

0
1

)︃
=

∂ ˆ︁Φ
∂ˆ︁θ

⊤

P⊤
(︃
0
1

)︃
. (38)

Next, the gradient of the power source limit constraint cuτ is662

derived as follows:663

∂cuτ

∂ˆ︁θ =
∂τ

∂ˆ︁θ
⊤
τ =

∂(P ˆ︁Φ)

∂ˆ︁θ
⊤

P ˆ︁Φ =
∂ ˆ︁Φ
∂ˆ︁θ

⊤

P⊤P ˆ︁Φ. (39)

Since the upper and lower torque limit constraints are not664

active simultaneously, the gradients of the active constraints665

are linearly independent, satisfying the LICQ condition.666

The desired trajectory comprised 4 segments that move the667

system from q
(0)
d := (−60◦, 60◦)⊤ to q

(1)
d := (45◦,−90◦) ,668

then to q
(2)
d := (−45◦, 45◦)⊤ , back to q

(3)
d := q

(1)
d , and669

finally to the initial position q
(0)
d , as illustrated in Fig. 6. Each670

Fig. 4: Experimental setup of the two-link robotic manipulator
used for real-time validation.

(a) Schematic diagram of the two-link
robotic manipulator.

(b) Considered input Saturation.

Fig. 5: The two-link robotic manipulator and the considered
input saturation.

segment was designed using a quintic (5th-order) polynomial 671

trajectory to ensure the smoothness of the desired trajectory, 672

with zero initial and final velocities. The time duration of 673

the segments was defined as 2 s. To demonstrate the learning 674

capability of the DNN, the desired trajectory was applied 675

twice, referred to as Episode 1 and Episode 2, respectively. 676

As discussed in Remark 3, a warm-up phase was introduced 677

prior to applying the desired trajectory to avoid the instability 678

caused by the initial poor performance of the DNN. In the 679

warm-up phase, the manipulator was initially positioned at a 680

stable equilibrium point, denoted as qd
origin := (−90◦, 0◦)⊤ , 681

and remained at this position for 3 s. Subsequently, a conserva- 682

tive desired trajectory was applied to gently excite the system, 683

which was designed as a quintic polynomial trajectory that 684

moves the system from qd
origin to q

(0)
d in 3 s, followed by a 685

constant reference that holds the system at q(0)
d for the next 686

8 s. 687

688

For a comparative analysis, four controllers were imple- 689

mented, with their properties summarized in Table III. In the 690

comparative study, optimization-based methods, such as MPC 691

and CBF-QP, were not included because the focus is on NAC 692

methods that handle input constraints. This choice isolates 693

the proposed contribution, namely the integration of multiple 694

convex input constraints into the online adaptation law of 695

NAC while retaining a Lyapunov-based stability analysis. In 696
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TABLE II: Two-link robotic manipulator’s parameters.

Symbol Description Value

m1,m2 Mass of the links 2.465 kg

l1, l2 Length of the links 0.2m

lc1, lc2 Length to the center of mass 0.139m

I1, I2 Inertia of the links 0.069 kgm2

Fig. 6: The desired trajectory in Episode 1 and Episode 2.

addition, among the structural methods, the auxiliary system-697

based NAC was included as a comparative controller, since698

it has better input constraint handling capability than smooth699

approximation methods [27].700

Controller 1 (C1)—Proposed CONAC: To handle all im-701

posed input saturation, the proposed CONAC was imple-702

mented with the torque limit constraints cuτ2
and cuτ2

for the703

second link, and the power source limit constraint cuτ (defined704

in (37)), allowing the controller to fully utilize the authority705

of the actuator. As described in (12), the input (torque)706

corresponds to the output of the DNN, and the adaptation707

law is defined in (17). All parameters of (C1) are listed in708

Table III.709

Controller 2 (C2)—Proposed CONAC with small update710

rate βu
j , ∀λj , ∀j ∈ I: For the parametric study on βu

j men-711

tioned in Remark 4, the proposed CONAC was implemented712

with the same input constraints as in (C1), but with smaller713

update rates for the input constraints, as listed in Table III. All714

other properties and parameters were kept identical to those715

of (C1).716

Controller 3 (C3)—NAC with auxiliary system: As a base-717

line for comparison in handling input constraints in NAC, the718

auxiliary system used in [14], [18], [19] was adopted. It should719

be noted that the auxiliary system is limited to handling only720

the element-wise input bound constraints. The auxiliary system721

is defined by722

d
dtζ = Aζζ +Bζ∆ζτ , ζ(0) = 02×1, (40)

where ζ ∈ R2 denotes the auxiliary state which is initialized to723

zero, Aζ ∈ R2×2 is a stable matrix, Bζ ∈ R2×2 is a gain ma-724

trix, and ∆ζτi := τi −max{min{τi, τ i},−τ i}, ∀i ∈ {1, 2}.725

It is notable that ∆ζτ is defined as the element-wise input726

overflow, which is different from the actual input saturation727

∆u in (8). The auxiliary state was used in the adaptation law728

(18), by substituting the tracking error e with the auxiliary729

error eζ := e + ζ. The parameters of the auxiliary system730

were chosen to balance the responsiveness to input overflow731

with the convergence speed of the auxiliary dynamics, as listed732

TABLE III: Controllers and parameters used for comparative
analysis.

Description and parameters Input constraint

(C1)
[ ]

Proposed CONAC −τ2 ≤ τ2 ≤ τ2,
∥τ∥ ≤ τ ,
(τ2 = 3.8, τ = 11)

βu
τ2

= βu
τ2

= 1000, βu
τ = 100,

θi = 15, βθ
i = 1,∀i ∈ {0, 1, 2},

(C2)
[ ]

Proposed CONAC (smaller βj )
βu
τ2

= βu
τ2

= 50, βu
τ = 10, same as (C1)

Others: same as (C1)

(C3)
[ ]

NAC with auxiliary system

−τ1 ≤ τ1 ≤ τ1,
−τ2 ≤ τ2 ≤ τ2,
(τ1 = 10.32, τ2 = 3.8)

[14], [18], [19]
Aζ = diag(−120,−100),

Bζ = diag(5× 103, 5× 103),

θi = 15, βθ
i = 1,∀i ∈ {0, 1, 2}

(C4)
[ ]

NAC without input constraints [7]
not considered

θ = 15

DNN and other parameters for all controllers: α = 0.2,P = I2,

xnn=
(︂
(q − qd)

⊤, d
dt

(q − qd)
⊤, d2

dt2
q⊤
d , 1

)︂⊤
,Λ = diag(6, 13),

l0 = 6, l1 = 4, l2 = 4, l3 = 2, ˆ︁θ(0) ∼ U
(︁
[−0.5, 0.5]Ξ

)︁

in Table III. All other properties and parameters were kept the 733

same as in (C1) and (C2). 734

Controller 4 (C4)—NAC without input constraints: The 735

fourth controller, adopted from [7], does not handle input 736

constraints. The controller structure is identical to (C1)–(C3), 737

except that the input constraints were removed and weight 738

boundedness was handled using the projection operator, as 739

follows: 740

d
dt
ˆ︁θ = Proj∥ˆ︁θ∥≤θ

(︃
−α∂ ˆ︁Φ

∂ˆ︁θ
⊤
Pe

)︃
. (41)

The weight norm bound was set to θ = 15. 741

742

For all controllers, the remaining parameters, including 743

the DNN architecture, were kept identical to ensure a fair 744

comparison, as listed in Table III. Specifically, the architecture 745

of the DNNs are empirically chosen considering the approx- 746

imation capability and computational efficiency. The DNN 747

weights were initialized with small random values according 748

to ˆ︁θ(0) ∼ U(︁[−0.5, 0.5]Ξ)︁, where U(·) denotes a uniform 749

random distribution, invoking Remark 2. 750

B. Validation Results 751

1) Tracking and Adaptation Performance: The real-time 752

implementation results are illustrated in Fig. 7. As shown in 753

Fig. 7a and Fig. 7b, all controllers, except (C4), tracked the 754

desired trajectory with their tracking performance improving 755

from Episode 1 to Episode 2. It should be noted that, due 756

to the input saturation effect, the tracking performance of all 757

controllers is limited. A quantitative comparison is summa- 758

rized in Fig. 8, using the root mean square error (RMSE) of 759

the tracking error for each joint angle during 2 episodes. As 760

shown in Fig. 8, all controllers, except (C4), improved their 761

tracking performance from Episode 1 to Episode 2 by around 762

25% and 70% for the first and second joint angles, respectively, 763

demonstrating the adaptation capability of the DNN. 764
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Episode 1 Episode 2 see, Fig. 9

(a) Tracking performance of 1st joint angle q1.

Episode 1 Episode 2 see, Fig. 9

(b) Tracking performance of 2nd joint angle q2.

Episode 1 Episode 2 see, Fig. 9

(c) Commanded control input of the 1st joint τ1.

Episode 1 Episode 2 see, Fig. 9

(d) Commanded control input of the 2nd joint τ2.

Episode 1 Episode 2 see, Fig. 9

(e) Norm of the commanded control input τ . (f) Norm of DNN weights ˆ︁θi.

Fig. 7: Real-time implementation results of (C1) [ ], (C2) [ ], (C3) [ ], (C4) [ ], and desired trajectory qd [ ].

16.836

11.492

15.984

11.190

20.991

17.314
19.738

18.520

9.086

3.144

8.883

2.377

8.268

2.421

10.561

12.435

Fig. 8: Quantitative comparison of tracking performance.

Remarkably, the proposed CONAC (C1) and (C2) demon-765

strated superior tracking performance compared to the other766

controllers. This is because (C3) could not fully utilize the767

actuator authority due to the auxiliary system design, which768

will be discussed in detail in Section V-B2. For (C4), since769

it does not consider the input saturation in the adaptation770

process, the DNN weights were continuously increased in771

an attempt to reduce the tracking error, even though the772

corresponding control input could not be realized by the773

saturated actuators. Consequently, the DNN weights exhibited774

persistent growth rather than convergence as shown in Fig. 7f,775

which may eventually lead to parameter drift or unbounded776

weight growth and is therefore undesirable. 777

2) Constraint Handling Performance: In this section, the 778

constraint-handling performance of the controllers is ana- 779

lyzed. For a detailed analysis, we focus on the time interval 780

[26.6, 27.3 s] of Episode 2 which is highlighted by the green 781

dashed lines in Fig. 7, where the difference in the considered 782

input constraints among the controllers is most pronounced. As 783

shown in Fig. 9a, the tracking errors of all controllers were 784

observed to be increased due to the input saturation effect, 785

but (C1) and (C2) exhibited smaller tracking errors compared 786

to (C3) and (C4). In Fig. 9b, the commanded control inputs 787

of (C1) and (C2) were observed to properly handle the input 788

constraints, using the full authority of the actuator. In contrast, 789

the commanded control input of (C3) was saturated at the box 790

constraints, which is attributed to the design of the auxiliary 791

system that only constrains the element-wise input overflow, 792

rather than the actual input saturation, as illustrated in Fig. 10. 793

Finally, the commanded control input of (C4) was observed to 794

exceed the input limits, which is expected since (C4) does not 795

consider input constraints in its adaptation process. 796

The parametric study of the Lagrange multiplier update rates 797

is conducted by comparing (C1) and (C2), focusing on the 798

multiplier associated with the power source limit constraint 799

λτ . In Fig. 9c, λτ of (C1) and (C2) was observed to be non- 800

zero, indicating that the power source limit constraint was 801

active and enforced during this time interval. Specifically, the 802

Lagrange multiplier λτ of (C1), which had a larger update rate, 803

repeatedly grew and decayed, while that of (C2) remained rela- 804
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(a) Trajectory of the tracking error of each joint angle q during the time
interval [26.6, 27.3 s].

(b) Trajectory of the commanded control input τ during the time interval
[26.6, 27.3 s].

(c) Lagrange multiplier associated with the power source limit constraint for
(C1) and (C2) during the time interval [26.6, 27.3 s].

Fig. 9: Zoomed-in view of the tracking error, commanded
control input, and Lagrange multiplier λτ during the time
interval [26.6, 27.3 s] of (C1) [ ], (C2) [ ], (C3) [ ],
and (C4) [ ].

Fig. 10: Considered input saturation in (C1), (C2), and (C3).

(same as actual saturation)

tively constant. Consequently, a larger update rate βu
τ provides805

a faster response to the input constraint but induces greater806

oscillations in the Lagrange multiplier, whereas a smaller807

update rate yields smoother but less responsive constraint808

enforcement. This result confirms the trade-off discussed in809

Remark 4.810

Additionally, the nearly constant value of λτ in Fig. 9c and811

the small oscillations of cuτ in Fig. 9b of (C2) suggest that the812

adaptation dynamics remain near an equilibrium characterized813

Fig. 11: Computation time of (C1) [ ], (C2) [ ], (C3)
[ ], and (C4) [ ] on the OpenCR1.0 board.

by a nonzero Lagrange multiplier. This behavior is qualita- 814

tively consistent with the KKT-like optimality conditions dis- 815

cussed in Section III-C, according to which, at an equilibrium, 816

the positive Lagrange multiplier λτ is associated with active 817

constraint satisfying cuτ = 0 through the complementary slack- 818

ness relation λτ c
u
τ = 0. Although the adaptation dynamics do 819

not converge exactly to a stationary KKT equilibrium because 820

of the practical limitations in the real-time implementation, 821

the observed behavior can be interpreted as a near-equilibrium 822

behavior. 823

3) Feasibility of CONAC in Real-Time Implementation: 824

The feasibility of the real-time implementation is analyzed 825

in terms of the computation time. As shown in Fig. 11, the 826

computation time of all controllers is consistently below the 827

sampling time of 500 µs, confirming the feasibility of real- 828

time implementation at a sampling frequency of 500Hz (2ms 829

maximum sampling time). This is attributed to the fact that the 830

proposed CONAC does not require solving an optimization 831

problem at each time step, but rather continuously adapts the 832

adaptive variables to solve the optimization problem in an 833

online manner. 834

C. Discussion on the Advantages and Limitations of CONAC 835

In the validations, we demonstrated that CONAC can handle 836

multiple convex input constraints simultaneously, while the 837

other NAC methods failed to do so. However, it is important 838

to note that the proposed CONAC is only able to handle the 839

constraints in soft manner, meaning that the constraints may 840

be violated during the adaptation process. One may impose a 841

conservative constraint considering the potential violation of 842

the constraints, but this may lead to a suboptimal solution. In 843

safety perspective, some constraints must be satisfied without 844

violation in operation time. Consequently, extension of the 845

proposed CONAC to incorporate hard constraints remains an 846

important direction for future work. 847

D. Video Demonstration 848

A supplementary video demonstrating the experimental re- 849

sults is provided with this paper. 850

VI. CONCLUSION 851

This paper proposed CONAC for unknown MIMO systems, 852

addressing multiple convex input constraints within a unified 853

constrained optimization framework. The adaptation law was 854

derived from the constrained optimization problem, which 855
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was formulated to minimize the tracking error while satis-856

fying the multiple convex input constraints. The stability of857

CONAC was analyzed using Lyapunov theory, demonstrating858

the boundedness of the tracking errors and adaptive variables,859

including the DNN weights and Lagrange multipliers. By860

deriving adaptation law from the constrained optimization861

problem, CONAC ensured weight convergence in accordance862

with the KKT optimality conditions, thereby ensuring both863

stability and optimality.864

Real-time implementation demonstrated the capability of865

CONAC in handling multiple convex input constraints si-866

multaneously, while achieving superior tracking performance867

compared to other NAC methods. Moreover, the parametric868

study revealed the effect of the update rates of the Lagrange869

multipliers on the enforcement of input constraints. In addi-870

tion, the experiments validated the feasibility of CONAC in871

real-time implementation.872

Future work may extend this approach to handle hard873

constraints, such as state constraints, in addition to input874

constraints. Moreover, by incorporating reinforcement learn-875

ing into the optimization problem formulation and deriving876

adaptation law that explicitly accounts for disturbances, the877

proposed CONAC framework could be extended to infinite-878

horizon optimal control problems while further enhancing its879

robustness.880
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